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ON PROPERTIES OF SOME WEAK FORMS OF THE 
CLOSURE OPERATOR 


ZBIGNIEW DUSZYNSKI 


ABSTRACT : Characterizations of a-open, semi-open, preopen, b-open, and semi-preopen subsets of 
an arbitrary topological space are investigated. Several formulas for o-closure, semi-closure, preclosure, 
b-closure, and semi-preclosure of a set and their applications to the general theory of continuity of 
functions are given. Weak boundaries of a set are defined with respect to the above listed classes of 
weakly open subsets, and it is shown that three of them are always nowhere dense. In the final section 
we strengthen a result of Crossley and Hildebrand [C. G Crossley, S. K. Hildebrand, Semi-topological 
properties, Fundamenta Mathematicae, 74 (1972), 233-254] concerning continuous and open functions. 
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closure, preclosure, b-closure, semi-preclosure; o-irresolute, irresolute, preirresolute, b-irresolute, B- 
irresolute functions. 
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1. PRELIMINARIES 


In what follows (X, T) and (Y, o) will denote topological spaces (briefly: spaces). Let S be 
a subset of a space (X, 1). We let cl(S) (resp. int (S)) stand for the closure (resp. interior) 
of S in (X, 1). The set S is regular open (resp. a-open [28], semi-open [19], preopen [24], 
b-open [3, 8, 14], semsi-preopen [1, 2]) in (X, 1) if S = int(cl(S)) (resp. S & int (cl(int(S))), 
Sc ci(int(S)), S c int(cl(S)), Sc clint (S)) U int(cl(S)), S c cl(int(cl(S))). The family of 
all regular open (resp. œ-open, semi-open, preopen, b-open, semi-preopen) subsets of a space 
(X, 1) is denoted by RO(X, 1) (resp. t%, SOX, 1), PO(X, 1), BOCX, 1), SPO(X, t)). The family 
T“ forms a topology on X [28] which is weaker than t, in general. The following relations 
are known: 


regular open = open = _ G-open => preopen 
Į y 
semi-open => b-open => semi-preopen 


Let a family S = {S,} e1 © SO{X, 1) (resp. S c PO(X, 1), S c BO(X, 1) S c SPO(X, 1) 
be given. Then Ues, = US € SO(X, 1) [19] (resp. US € PO(X, 1) [24], US € BO(X 1) 
[3], US € SPO(X, 1) [2])). 
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A subset S of (X, 7) is said to be a-closed [26] (resp. semi-closed [5], preclosed [24], 
b-closed [3], semi-preclosed [2]) if X\ S € t* (resp. X\ S e SO(X, 1), X\ S e PO(X, 1), 
X\ Se BOX, 1), X\ Se. SPO (X, 1)). The family of all closed (resp. semi-closed, preclosed, 
b-closed, semi-preclosed) subsets of (X, 1) we denote by c(X, 1) (resp. SC(X, t), PC(X 1), 
BC(X, 1), SPC (X, 1)). The intersection of all semi-closed (resp. preclosed, b-closed, semi- 
preclosed) subsets of (X, T) containing $ is called the semi-closure [5] (resp. preclosure [15], 
b-closure [3], semi-preclosure [2]) of S (in (X, t)) and is denoted as scl ($) (resp. pel (5), 
bel (S), spel (S)). The union of all semi-open (resp. preopen, b-open, semi-preopen subsets 
of (X, T) being contained in S is called the semi-interior (resp. preinterior, b-interior, semi- 
preinterior) of S (in (X, 7)) and is designated as sint ($) (resp. pint (S), bint ($), spint (S)). 

The following results are fundamental shall very useful in the sequel. Here and on, cl P 

' (S) and int,«(S) stand respectively for the closure and interior of S in the space (X, 1%). 


Proposition 1. [2, Theorems 1.5, 2.15, 2.18] and [3, Proposition 2.5]. Let S be a subset of 
(X t). Then: 


© cla (9 = S U clfint(cl(s)), 
inta (S) = S A int(el(int(S))), 
sel (S) = S U int(cl(S)), 
sint (S) = §  cl(int(S)), 
pel ($) = S vu clCint(S)), 
pint (S) = S A int(cl(S)), 
bel (S) = S U [int(cl(S)) ^ cint), 
bint (S) = S N [int (cl(S)) U cl(int(S))], 
spel (S) = S U int(clant(S))), 
spint (S) = S ^ cl(int(cl(S))). 
With the above formulas we get easily the following relation (S of (X, T) is arbitrary): 
scl (S) = X \ sint (X \ S), pel (S) = X \ pint (X \ $), | 
_ bel (S) = X \ bint (X \ S), spel (S) = X \ spint (X \ 8). 
Recall that a subfamily my c 2*, X+ 0, is called a minimal structure (briefly: m- 


structure) on X [34] if 0e my and Xe my (see also [21, 22]). A pair (X, my) is called then an 
M-space. An M-space is said to be supratopological space [17] if it is closed under arbitrary 


6oeoeoeoeese?o0o 
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union. Both m,-closure and m,-interior are defined in a manner analogous to those above (for 
scl(.) etc.) 


In any M-space (X, my) we have [21, Lemma 2.2]: 
® if S E My then my-int (S) = S, and 
° if: x\ S € my then m,-cl(S) = 5. 


In [34,, Lemma 3.3] it has been shown that for any supratopological space (X, my) we 
have: 


è if my-int (S) = S then S € my, and 
e if m,cl(S) = S then X\ S E my 
Concluding, 


Proposition 2. For any sciiaeeaiiualedl space (X, my) and any S C X the following 
equivalences hold: 


© Se my if and only if my int (S) = S 

© X\S e my, if and only if m,-cl ($) = S. 

Recall that in any M-space (X, my) the following properties hold [21, Lemma, 2.3(iu)]: 
© my-cl(m,-cl(S) = my-cl(S) for every S c X, 

@ m,-int(m,-int(S)) = my-int(S) for every Sc X 


A function f : (X, my) —> (Y, my), where (X, my) and (FX m) 1 are M-spaces, is said to be M- 
continuous [34] if for each x e- X and each V e my containing f(x), there exists Ue my, 
containing x such that AU) c F. . 


Ms = “y re 


2. ON CHARACTERIZATIONS OF SOME GENERALIZED OPEN SETS 


[2, Theorem 3.21] and [3, Proposition 2.1 and Remark 2] establish an interesting characterization 
of semi-open sets, preopen sets, b-sets, and semi-preopen sets in terms of respective closure- 
like and interior-like operators. 


_ We shall show below that in the usual definitions of a-open, semi-open, preopen, b- 
open, and semi-preopen sets, the closure operator can be replaced by the respective weak closure 
operator, while the interior operator stays unmodified. 


We start with some lemmas. 
Lemma 1. Let (X, T) be a space and S e SPO (X, 1). Then 
cl 6S) = cla (S). 
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Proof. For any S e SPO(X, t) we have cl(S) = cl(int(cl(S))) [33, proof of Theorem 3.1]. So, 
by [2, Theorem 1.5(c)] we get cl,« (S) = S U cl(int(cl(S})) = cS). 

Remark 1. Lemma 1 improves [16, Lemma `1(i)}. n ee eS 
Lemma 2. Let S be a subset of a space (X, 1). Then 


Int (cl(S)) = int(cl,« (S)). 


» 


Proof, Using [2, Theorem 1.5(c)] we have the inclusions cl(int(cl(S))) c cl,e (S) c cl(S). Thus, 
‘clearly, int (cl(S)) c int (cl,«(S)) c int(cl(s)). 
Lemma 3. Let (X, T) be a space and S a subset thereof. We have: 
© intcl(int(S))) = int(cl,« (int(S))), | 
© cl(int(S)) = cl,« (int(S)), 
@ cl(int(cl())) = cl,« (int(cl,« (CS). 
Proof. © We make use of Lemmas 2 and 1: 
int(ch(int(S))) = int(cl(clint(S)))) = int( cl. (cla (int(S)))) = int( cle (int(S))). 
© Obvious. © Using Lemmas 1 and 2 once again, we get 
el(int(cl(S))) = el{int{int(el(S)))) = 
= cla (int(int( cl,« (5)))) = cl,e (int(cl,« (S))). 
Theorem 1. In any space (X, t) the following statements hold: 
D S € t if and only is Sc int( cl,« (int(S))), | 
@ Se SO(X, 1) if and only if S c cl,« (int(S)), 
© Se POU, 1) if and only if S c int(cl,a (8) 
@ S e BOK, 1) if and only if S c cla (int{S)) U int(cl,« (5), 
© Se SPO(X, 1) if and only if S c cla (int(cl,« (S))). 
Proof. Follows directly from Lemmas 2 and 3. 
Lemma 4. Let (X, T) be a space and S a subset thereof. Then: 
| © (18, Proposition 2.7(a)] scl(int(S)) = int(cl(int(s))), 
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© pcl (int(S)) = cl(int(S)), 

© int(cl(S)) = int(scl(S)). 
Proof. © Obvious. © We use [2, Theorem 1.5(e)]: 

pel(int(S)) = int(S) U cl(int(S)) = cl(int(S)). 

@ By [2, Theorem 1.5(a)] we get int (cl(S)) c scl(S) c cl(S). So, the result follows. 
Theorem 2. In any space (X, T) the following statements hold: 

@ S'e t if and only if S c int(scl(int(S))), 

© Se SQ(XY, 1) if and only if S c pel(int(S)), 

© S e POX, 1) if and only if S c int(scl(S)), 

®© S e BO(X, 1) if and only if S c pel (int(S)) U int(scl(S)), 

© Se SPO(X, 1) if and only if S c pel(int(scl($))). 


Proof. Cases ©-® follow directly from respective parts of Lemma 4. @ Observe that for 
any subset S$ c X, in view Lemma, 4, © & ©, we have 


cl(int(cl(S))) = cl{int(int(cl(S)))) = 
= pel(int(int{(scl(s)))) = pel(int(scl(s))). 


Remark 2. By Lemma 2 and © of Lemma 3 the following alternative characterizations of 
semi-preopen sets follow: l 


©’ S e SPO(X, 1) if and only if S c pel(int(cl_« (S))); 
©” S e SPO(X, 1) if and only if Sc cl,a Cint(sel(S))) 
Remark 3. For any subset S of a space (X, 1), by [2, Theorem 1.5] we get 
® cle (S)=SU cla (int(cl,a O) = S U pel(int(cl,a (S))) =S U cl,a (int(sel(S))); 
@ scl(S) = S U int(cl,« (S)) = S U int(scl(S)); - 
@ pe(S) = S U cl,a (int(S)) = S U pel(int(s)); 
© bel(S) = S U [int(el,e (S)) A cle (int(S)] = S U [int(scl(S)) N pellint(S))}; 


© spcl(S) = S U int(cl_« (int(S))) = S U scl(int(S)). 
All reasonings are left to the reader. 
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Teorem 3. For any space (X, 1T), 
t= {Sc X: Sc int(clS)) qn ci(int(S))}. 


Proof. (=>) S e 1% means S c int(cl(int(S))). So, S c int{cl(S)) A el(int(S)). (=) Let Sc 
int(cl(S)) ^ cl(int(S)). Thus S e SO(X, 1) n POCX, 1) = 1% [32, Lemma 3.1]. 


Corollary 1. In any space (X, 7), 
S e c(X, t*) if and only if int(cl(S)) O clant(S)) c sS. 
It is obvious that scl (S) U pel ($) c cl,e (S) for any S c X In view of the example 
below, this inclusion can be proper. 


Example 1. Consider the real line (R, t,) equipped with the Euclidean topology and S = Q 
N (1, 2), where Q is the set of all rationals. i 
Remark 4. By Example 1 an by [2, Theorem 1.5(a), (e)] one gets that the formula cl_« ($) 
= § U int(cl(S)) U cl(int(S)) does not hold for all S c X 


In order to obtain a characterization for b-open sets, similar to that of [2, Theorem 3.21] 
and [3, Proposition 2.1(c) and Remark 2] (given for semi-open, preopen, b-open, and semi- 
preopen sets), we have to recall some results. 


Lemma 5. Let (X, t) be arbitrary. 


(a) [32, Lemma 3.5] and [11]. If either S| E€ SO(X, T) U SC(X, T) or S, e SO(X, 1) 
U SC(X, T), then 


(a) int(cl(S, A S,) = int(cl(S,)) A int(cl(S,)), 
(a) cl(int(S, U S.) = cl(int(S,)) U cl(int(S,)). 
(b) [12]. F Sp S c X, then 
(b,) int(cl(S, U S,)) = int (cl(int(cl(S,)) U int{cl(S,)))), 
(ba) cl(int(S, A S,)) = cl(int{cl(int(S,) U cl(int(S,)))). 
Corollary 2. Let S,, S, be arbitrary subsets of a space (X, t). Then 
(a5) int (cl(int(S, A S,))) = int(cl(int(S,))) A int(cl(int(s,))), 
(a4) cl(int(cl(S, U S,))) = elfint(cl(S,))) U cl(int(cl(S,))). 
Emr (a,;) Apply Lemma 5(a,) to the sets int (51) and int (S3). (a,) is dual to (a). 
Lemma 6. Let (X, t) be a space and S a subset thereof. Then 
© bel (S) = S U bel(bint(S), 
© bel (S) = S U bint(bel(S)). 
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Proof. © Using Lemma 5(a,), (b) we calculate as follows: 

bel(bint($)) = bel GS ^A (int(cl(S)) U cl(int(S)))) = bint (S) U 

U [int(cl(S A (int(cl(S)) Y cl(int(S))))) A cl(intGS A ‘Gnttel(S)) Y cl(int(S)))))] = 

= bint (N) U [int(cl(S)) © cl(int(cl(int(S))))  cl(int(int(cl(S)) Y cl(int(S))))]. 

(recall that int (cl(S)), cl(int(S)) e SO(X, t), whence int (clGS)) U cl(int(S)) e SOCX, 
T), since (X, SO (X, T)) is a supratopological space, see [19, Theorem 2]). On the other hand, 
the sets int(cl(S)), cl(int(S)) € SC(X, tT) whence by Lemma 5(a,) we get 

cl[int[cl(int(S)) N cl(int(int(el(S)) Y el(int(S))))]] = el(int(s)). 
Thus we have 
bel(bint(S)) = bint(S) U (ant(cl(S)) ^ cl(int(S))) 
and finally 
S U bel(bint(S)) = bint (S) U bes) = bel ($). 

© It follows directly from the fact that bcl (bint(S)) = bint(bel(S)) for any S c X [3, Proposition 
2.7]. 
Theorem 4. Let (X, t) be a space and S a subset thereof. Then, the following statements are 
equivalent: 

© S € BC(X, 1), 

© bel(bint (5)) c S, 

@ bint (bel(S)) c S. 
Proof. O=®@ Since (X, BO(X, t)) is a supratopological space, see [3, Proposition 2.3(a)], 
by © from Proposition 2 we have that S e BC(X, 1) if and only if bel (S) = S. So, the result 
follows directly by © of Lemma 6. @@ Use [3, Proposition 2.7]. 
Corollary 3. Let (X, t) be a space and S a subset thereof. The following statements are 
equivalent: 

© Se BOYY 7), 

© bel(bint(S)) > S, 

@ bint(bel(S)) > S. 


Proof. Clear. 
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3. WEAK CLOSURES, WEAK INTERIORS AND WEAK BOUNDARIES 


We start this section with results similar to those in Lemma 6, but related to the another closure- 
like operators which are studied in the paper. 


Proposition 3. Let S be a subset of (X, t). Then the following hold: 

® sch(S) = S o sint(scl($)), 

® pel(S) = S U pel(pint(s)), 

@ bel(S) = S U pint(pel(S)), 

® spcl(S) = S u scl(sint(S)) = S U spcel(spint(S)) = S U spint(spcl(S)). 
Proof. © By © & © of Proposition 1 and by Lemma 5(a,) we have 

sint(scl(S$)) = scl(S) ^ cl(int(S U int(cl(S)))) = scl(S) ^a elcint(cl(S))). 
So, 

S U sint(scl(S)) = scl(S) A cl,« (6) = sec(s). 

© Using @ & © of Proposition 1 we get 

S U pel(pint (S)) = S U pint(S) U cl(int(S n int(cl(S)))) = 

= § U pint(S) O cl(int(S)) = pint(S) U-pel(S) = pcl(S). 
@ We make use of Proposition 1 @, Theorem 7@, and [3, Proposiiton 2.5(1)]. Then 
S U pint(pel(S)) = S U (pel(S) ^ int(el(pel(S)})) = 
= pel(S) N (S U int(cl(S))) = pel(S) A scl{S) = bel(S). 


® (compare [2, Corollary 3.19(a)]) Since int (spint (S)) = int (S) (dual to cl(spel(S)) = cl(S), 
see Theorem 7), we have 


S U spcl(spint(S)) = S O spint(S) U int (cl(int(spint(S)))) = 

= SU spint ($) U int (cl(int(S))) = S U int(cl(int(S))) = spcl(S). 

By [2, Theorem 3.18] we get spel (S) = S U spint (spel (S)). The third equality we leave to 
the reader.. 

Arguing similarly as in Thorem 4 and Corollary 3, using respectively ©, @, ©, © of 

the above proposition, one can characterize members of respectively: SC7X, t) and SO(X, 1), 

PC(X, 1) and PO(X, 1), BC(X, 1) and BO(X, 1), SPC(X, t) and SPO (X, 1). These results are 

due to andrijevic ~ the reader is advised to compare [3, Remark 2 & Proposition 2.1] and 

[2, Theorem 3.21]. The formula cl,« (S) = SU cl,a (int,« (cl,2 (S))), S c X, follows by [18, 
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Corollary 2.4(b)]. Moreover, with [18, Corollary 2.4(a)], its dual, and the dual to [18, Corollary 
2.4(b)] one gets yet another formulas (here S c X is arbitrary): 


(a) scl (S) = S U int; (cl,« (S))) = scl," (S), 

(b) pel (S) = S U cly# (int,« (S))) = Pel; (S), 

(c) bel (S) = S U [int,« (cl,* (S) A cl,s (int, (S))] = bel,« (S), 

(d) spel (S) = S U int,e (clp (int,s (S))) = Spel (S), 

where scle, pcl,«, bel,« and spcl,« are respective closure-like operators defined 
with respect to the topology t% in X. 

Under passage to the complement, it is easy to see that for any subset S of (X, 1): sint,e (S) 
= sint(S), Pint,* (S), = pint(S), bint,* (S) = bint(S), spint,* (S) = spint(S). So, we get a modified 
version of Proposition 3. 

Proposition 3’. Let S be a subset of (X, 1). Then the following hold: 

© scl(S) = S U sint, (scl,# (S)), 

@ pel(S) = $ u pel,* (pint,* (S)), 

@ bel(S) = S u Pint,¢ (pel, (8), 

® spcl(S) = SU scl, (sint,« (S)) =S U spel,e (spint,« (§))=§ U spint,« (spel,* (§)). 


The following elementary property is well-known: cl(int(cl(int(S)))) = cl(int(S)) (dually 
int (cl(int(cl(S)))) = int(cl(S))) for any subset S of a space (X, 7). We shall show that analogous 
properties hold for weak forms of closure and interior operators. 


Theorem 5, Let S be a subset of (X, t). Then: 
© scl(sint(scl(sint(S)))) = scl(sint(S)), 
© pcl(pint(pcl(pint(S)))) = pcl(pint(S)), 
© bel(bint(bcl(bint(S)))) = bel(bint(S)), 
© spcl(spint(spcl(spint(S)))) = spel(spint(s)). 
Proof. © By [2, Corollary 3.4] we have 
sint(scl(sint(S))) = sci(sint(S)). 


Since scl (scl(A)) = scl(A) for any A c X [5, Theorem 1.7(3)] (or by (21, Lemma 2.3(iii)}), 
the result follows. 
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© By [2, Corollary 3.8(c), (b)] we obtain 
pel(pint (pel(pint(S)))) = pel(pint(pel(S))) = pel(pint()). 

© Use the identity bint (bcl(S)) = bel(bint(S)) (see [3, Proposition 2.7]) and [2], Lemma 
2.3(iii)]. 

© Apply the identity spint (spcl(S)) = spcl(spint(S)), S c X (see [2, Theorem 3.18]) 
and [21, Lemma 2.3(ii1)]. 

We define now certain weak boundary operators. 
Definition 1. Let S be a subset of a space (X, T). We set 

è the semi-boundary of S as sFr(S) = scl(S) \ sint ($), 

è the preboundary of S as pFr(S) = pci(S) \ pint (5), 

è the b-boundary of S as bFr(S) = bel¢S) \ bint (S), 

è the semi-preboundary of S as spFr(S) = spcl(S) \ spint ($). 

Moreover, &Fr(S) will stand for the boundary of S in the space (X, 1%). 
Remark 5. Let (X, t) be a space, Sc X Then | 

© spFr(S) c bFr(S) c sFr(S) c aFr(S) c Fr(S), 

© bFr(S) c pFriés) c aFr(S). 

There is no genenral inclusion-relaitonship between sFr(S) and pFr(S). 


Example 2. Consider (R, t,) and the set S = (0, 1) U (Q A^ (1, 2)). One checks that sFr(S) 
= [1, 2) and pFr(S) = {0, 1}. - 


Since S e SO(X, t) if and only if cl(S) = cl(int(S)) [29, Lemma 2] and, dually, S € 
SC(X, 1) if and only if int ($) = int (cl(S)), we obtain that all above boundaries are nowhere 
dense for S e SO(X, T) U SC(X, 7). For pFr(S), bFr(S), and spFr(S) this statement shall be 
generalized in the sequel. 


Proposition 4. Let S be a subset of (X, t). We have: 
© int(cl(aFr(S))) = int(cl(S)) A int(cl(X \ S), 
@ int (cl(sFr(S))) = int(cl(aFr(S))). 
Proof. © By definition of aFr(S) and by Lemma 5, (a,) & (b,), we have what follows: 
int(cl(aFr(S))) = int[cl[S U cl(int(cl(S)))) A (X \ S) u cintec \ A] = 
= int(cl[int(cl(S ^n cl(int(cl(X \ M] U [intccl((LX \ S) A el(int(cl(S))))) U] 
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U [int(cl(cldint(cl($))) ^ cl(int(cl(X \ ODI = 
= int(cl(int(cl(S)) ^ int(cl(X \ S)))) = int(cl(S)) A int(cl(X \ 5S)), 
because the intersection of any two regular open sets is regular open [9, Problem 22(g)]. 


© By the definition of sFr(S), Lemma 5(a,), and since scl (S) e SC(X, 1) [5, Remark 1.5] 
(compare also © of Proposition 2 and [21, Lemma 2.3(i1i)] for my = SO(X, 7)) we obtain 


int(cl(sFr(S))) = int(cliS U int(claS)))) A int(cl((X \ S) Y int(cl(X \ S)))). 
So, making use of Lemma 5(b,) one gets 
int(cl(sFr(S))) = int(cl(S)) ^ int(cl(X \ S)). 


Remark 6. If S ¢ SO(X, t) U SC(X, 1), then aFr(S) and sFr(S) need not be nowhere dense 
in (X, T). It is enough to consider the set S from Example 1 and to apply Proposition 4. 


Theorem 6. Let (X, t) be a space, S C X. Each of the sets pFr(S), bFr(S), and spFr(S) is 
nowhere dense in (X, T). 


Proof. By Remark 5 it is enough to prove that int (cl(pFr(S))) = 9. By definition of pFr(S) 
and by Lemma 5(b,) we have 


int(cl(pFr($))) = int[cl[(S o cl(int(S))) A (CX \ S$) u cl (G(X \ HNI = 
= int(cl[int(cl(S ^ clant(X \ S)))) Y int (cl(CX \ 6) A ciin 
Uint(cl(cl(int(S)) A cl(int(X \ MI. 


But, every set cl(int(A4)) €e SO(X, 1), thus making use of Lemma meee and Corollary 2(a,) 
we get 


int (cl(pFr(S))) = int[cl[Cint(cl(S)) ^ int(cl(int(X \ DU 
Ucint{cl(X | S)) N^ int(cl(int(S)))) U (int(cl(int(S))) A int(cin(X \ S))))]] = 
= int[cl{int(cl(S ^ int(X \ SU 
Vint(cl(.X \ H) A int(S))) o int(cliint((X \ S) a S)))]] = @. 
The proof is complete. 
Directly from Definition 1 and Proposition 2 @ we infer the following 
Corollary 4. For arbitrary (X, t) and S c X we have: 
D S e c(X, %*) if and only if oFr(S) c S, 
© S e SCX +) if and only if sFr(S) c S, 
@ S e PC(X, t) if and only if pFri(S) c S, 
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®© Se BC(X, t*) if and only if bFr{S) c S, 
© S e SPC(X, 1®) if and only if spFr(S) c S. 
- At the end of this section we complete results from Lemma 5 and Corollary 2. 


Proposition 5. Let (X, T) be arbitrary. If either S, e SO(X, t) U SC(X, 1) or S, € SOCK, 
t) U SC(X, 7), then 


(85) int(ol(int(S, Y S,))) = int{el(int(S,) U int (S,))), 
(a,) cl{int(cl(S, ^ S,))) = cl{int(cl(S,) A cl(S,))). 
Proof. (a;) Using Lemma 5, (a,) & (b,), we calculate as follows: 
int(cl(int(S, U S,))) = int(el(cl(int(S, Y $) = int{el(el(int(S,)) Y el(int(S,)))) = 
= int(cl(int(cl(int(S,))) U int(cl(int(S,))))) = 
= int(cl(int(S,) U int(S,))). 
(a4) Dual to (as) : 


Even if both S,, S, € PO(X, 1), the identities (a,) from Lemma 5 and (a,) from Propositon 
5 can fail. 


Example 3. Consider (R, 1,) with S, = Q ^ (1, 2), S£ = (1, 2) \ @. 


4. SYMMETRICITY PROPERTIES 
One can easily prove the following l 
Theorem 7. For any (X, t) and S c X, 


O cl(S) = cl(cl,* (S)) = cl(pel(S)) = cl(scl(S)) = cl(bel(S)) = cl(spel(S)), 

© int(cl(S)) = int(cl(pint(S))) = int(cl(bint(S))) = int(cl(spint(S))). 
Proof. © Use Proposition 1. © We apply Definition 1, Lemma 5(b,), and Theorem 6. 
Theorem 8. For any (X, t) and S c X, 


O clya (pel(S)) = clpa (S) = pel(clye (S)), 
© clre (scl(S)) = cle (S) = sel(cl,« (S)), 
@ clye (bel(S)) = cly« (S) = bel(cl,« (S)), 
® clya (spel(S)) = cla (S) = spel(cl,a (S)). 
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Proof. We shall prove only the left-hand identities in ©-@, because the right-hand ones follow 
directly from Proposition 2 @ and the fact that for any S, cle (S) €e X, t*) = SC(X, 1) 
Nn PC(X, t) (the dual to (32, Lemma 3.1)). 


© Using [2, Theorem 1.5(c), (e)] we have 
cla (pel(S)) = pel(S) U cl(int(cl(pel(S)))) = 
= pel(S) U cl(int(cl(S))) = [S o cl(int(S))] U cl(int(cl(S))) = cl,« ($). 
© By [2, Theorem 1.5(c), (a)] we get 
cla (scl(S)) = scl(S) U cl(int(cl(S U int{cl(S)))) = 
= scl(S) U cl(int(ci(S))) = clre (S). 
@ We use [2, Theorem 1.5(c)] and Proposition 1, © & @. We have 
clr (bel(S)) = bel(S) U cl(int(cl@S L (int(cl(S)) A el(int(S)))))) = 
= bel(S) U cl(int(cl(S) o cl(int(cl(S)) ^ cl(int(S))))). 
But 
cl(int(cl(S)) ^ cl(int(S))) c cl(int(cl(S))) c cl(S), 
9 ; 
clya (bel(S)) = [S U (int(cl(S)) ^ cl(int(S)))] O cl(int(cl(S))) = clre (S). 
® Left to the reader. 
Theorem 9. Let (X, t) be a space, S C X. Then 
© scl(bcl(S)) = scl(S) = bel(scl(S)), 
© scl(spcl(S)) = scl(S) = spel (scl(S)). 


Proof. Since scl(S) e SC(X, t) [5, Remark 1. 5], the right-hand equalities in © and @ follow 
by Proposition 20. 


© By [2, Theorem 1.5(a)] and Proposition 1, @ & ©, we have what follows: 
scl(bcl(S)) = bel(S) U int(cl[S U (int(cl(S)) A cl(int(S)))]) = 
= bel(S) U int[cl(S) O cl{int(cl(S)) ^ cl(int(S)))] = 
= bel(S) U int(cl(S)) = scl(S). 
© Making use of [2, Theorems 1.5(a) & 2.15] we obtain 
scl(spcl(S)) = spel(S) U int[el(S) U cl(int(S))] = spel(S) VU int(cl(S)). 
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Theorem 10. Let (X, t) be a space, S C X. Then 
© pel(bel(S)) = pel(S) = bel(pel(S)), 
@ pel(spel(S)) = pel(S) = spel(pel(S)). 
Proof. For S c X we have X \ pei (S) = pint (X \ 8), hence X \ pcl(S) e POX, T) (the union 


of any family of preopen sets is preopen). So, pcl(S) e PC(X, t) and by Propositon 2 © the 
right-hand identities in ®© and © follow. 


© Applying [2, Theorem 1.5(e)] and Proposition 1, © & @, and Lemme 5(a,), we calculate: 
pel(bcl(S)) = bel(S) o cl(inthS U (int(cl(S)) ^ cldint(S)))] = 
= bel(S) Y [el(int(S)) Y cl(int(cl(S)) ^ int(ci(int{S))))] = 
= bel(S) U cl(int(S)) = pcl(S). 
© The proof is similar to that for © and hence omitted. 
Theorem 11. Let (X, 1) be a space, S C X. Then 
bel(spcl(S)) = bel(S) = spel(bcl(S)). 


Proof. For any $ c X, X \ bcl(S) = bint (X \ $), whence by [3, Proposition 2.3(a) and Definition 
3] we get that bcl(S) €e BC(X, t) c SPC(X, t). So, from Proposition 2 @ we obtain bcl(S) 
= spel (bcl(S)). In order to prove the second identity we apply [3, Proposition 2.5(1)]: bcel(S) 
= scl(S) ^ pcl(S). By Theorems 9 © and 10 @ we have 


bel(spcl(S)) = scl(spcl(S))  pel(spcl¢$)) = scH) A pel(S) = bel(S). 
Andrijević has proved in [2, Theorem 3.15] that (a) pel (scl(S)) = cla (S) and (b) 


scl(pcl(S)) = pel(S) U scl¢S) hold for arbitrary S. In [2, Example 3.17] he observed that, in 
general, pcl(scl(S)) # scl(pcl(S)) (see Remark 4). 


Combining the left-hand indentities in Theorems 9-11 and formulas ©—-@ of Proposition 
3 (or of Proposition 3°) we arrive at other (non-trivial) formulas for scl(), pcl(S), and bel(S). 
Namely, we have 


Proposition 6. Consider any (X, t), S C X. We have 
© scl(S) = bcl(S) U sint(scl(S)), 
O scl(S) = spcl(S) U sint(scl(S)), | 
© pol(S) = bel(S) U pel(pint(bel(S))), : à 
© pcl(S) = spci(S) U pel(pint(spcl(S))), 
© bel(S) = spel(S) U pint(pel(S)). 
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Proof. We prove only ©. With the aid of Theorem 10, Proposition 3 @, and Theorem 10 
©, we calculate: 


bel(S) = bel(spcl(S)) = spel(S) U pint(pel(spcl(S))) = spel(S) U pint(pel(S)). 
Theorem 12. Consider any (X, t), S c X We have 
® secl(pel(scl(S))) = cla (S) = pel(scl(pel(S))), 
@ pcel(scl(pel(scl(S)))) = clre (S) = sel(pel(scl(pel(S)))). 


Proof. © By [2, Theorem 3.15] and Theorem 8 @ we obtain scl(pcl(scl(S))) = scl(cl,« (S)) 
= cl,a(§). On the other hand we have 


pel(scl(pel(S))) = cla (pel(S)) = S$ U cl(int(cl(S U cl(int(S))))) = 


= § U cl(int(cl(S))) = clre (S). 
© easily follows from ©. 


5. WEAK FORMS OF CONTINUITY AND IRRESOLUTE-LIKE FUNCTIONS 


The following irresolute-type properties have been studied in the literature: an f : (X, t) > 
(Y, ©) is said to be a-irresolute [20] (resp. irresolute [6], preirresolute (25, 35], b-irresolute 
(originally y-irresolute) [13], B-irresolute (or semi-preirresolute) [23]) if f\(V) e t® (resp. 


f1(V) € SOX, 1), FIV) e POX, 1), F'(V) € BO(X, 1), #'(V) e SPOCX, 1)) for every set 
V e o%(resp. V e SO(Y, o), V e POLY, 5), Ve BO(Y, o), V e SPOC(Y, o)). 


Combining [34, Theorem 3:1 and Corollary 3.1] we obtain 
Proposition 7. Let (X, my) be a supratopological space and (Y, my) be any M-space. Then, 
for a function f : (X, my) > (Y, my) the following statements are equivalent: 

® f is M-continuous; 

@ f'(V) e my for every V e my; 

@ Amy — cl(S)) c my — AAS) for every S c X; 

®© my — cf (TY c fm, - cl(T)) for every Tc Y 


Obviously, the pairs (X, 1”), (4, SO(A, 1)), (X, PO(X, 1)), (X, BO(X, 1)) [3, Proposition 
2.3(2)], (X, SPO(X, 1)) [2, Theorem 2.5], are supratopological spaces. Thus from Proposition 
7 we can infer some characterizations of all aforementioned irresolute-type properties, for 
example (all other cases are left to the reader): 
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Proposition 8. Let (X, t), (Y, ©) be topological spaces. The following are equivalent: 
© f: (X, D) — (Y, 0) is b-irresolute; 
® f (bel,(S)) c bel,(AS)) for every S c X; 
® bel (P(N) c f bcl (T) for every Tc ¥. 


' Observe that, making use of non-trivial parts of respective results from Section 4, the 
above characterizations may be interestingly reformulated. For — using Theorem 11 we 
obtain | 


Proposition 9. Let (X, 1), (Y, 6) be prelega spaces. The following are eet 
®© f: (X, D — (Y, 0) is b-irresolute; 
® Abel (spel (S) c bely(spcl,(AS))) for every S c X; 
@ bel (spel, (T) c f '(bcl (spel (T) for every T c Y. 
Observe that also Remark 3 and Propositions 3, 3°, and 6 can serve in reformulating 
characterizations implied by Proposition 7. For example, we have 
Proposition 10. For a function f : (X, t) > (Y, 6) the following are equivalent: 

® f is b-irresolute; 

© Rint(scl(S)) ^ pol(int(S)))) c bel(AS)) a every S C X; 

© int(sc(/ (T) N pellin T) c f1OcT)) for every Tc Y 
Proof. Easy details are omitted. 

A function f : (X, 7) - (Y, ©) is said to be a-continuous [31] (resp. semi-continuous 
[19], precontinuous [24], b-continuous [14], B-continuous [1]) if f1(V) € 1% (resp. (P) e 
SO(X, 1), #1(V) E` PO(X, 1), F1(V) € BOCK, 1), fV) e SPOCX, 1)) for every set Ve a. 
Respective characterizations of all these weak forms of continuity one can easily obtain by 


Proposition 7. Remark 3 and Proposition 3 can also serve for this purpose — compare Proposition 


I 


The following implications hold: 
(a) continuity => a-continuity => semi-continuity = b-continuity => B-continuity; 
(b) a-continuity = precontinuity = b-continuity; | 
(c) @ a-irresoluteness => a-continuity; 
@ irresoluteness => semi-continuity; 


© preirresoluteness => precontinuity; 
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@ b-irresoluteness = b-continuity; 
@ B-irresoluteness > B-continuity. 


Recall that semi-continuity and precontinuity are independent of each other [27] (it should be 
remarked that precontinuity coincides with almost continuity in the sense of Husain [24]). 


Lemma 7. A function f : (X, t) > (Y, 6) is B-continuous if and only if f (spcl(S)) c cl(AS)) 
for any Sc X 

Proof. Put in Proposition 7, my, = SPO(X, t) and my = O. 

Corollary 5. Let f : (X, T) > (Y, ©) be B-continuous. Then cl(f(spel(S))) = cS) for any 
SCX 


Proof. Using Lemma 7 we obtain. 


CIRS) E el(fspel(S))) E ASY. 

A function f: (X, t) > (Y, ©) is said to be a.o. W [38] if f'(cl(V/)) c ce(f1(V)) for every 
V e ©. fis said to be a.0.S. [37] if U) e o for each U e RO(X, 1). f is said to be semi- 
open [4] if KU)) € SO(Y, ©) for each Ue t. fis said to be weakly open [36] if AU) c 
int(Acl(U))) for each U € t. 

For the above openness-like notions, Noiri [30, p.315] showed that © a.o.S. and a.o. W., 
® a.o.S. and semi-openness, @ a.o.W. and semi-openness, ® a.o.W. and weak openness, © 
semi-openness and weak openness, are all the five couples of independent notions. Noiri has 
also shown [30, Lemma 1.4] that a.o.S. implies weak openness, while the converse is false 
in general [30, Example 1.5]. 

Definition 2. Let an f : (X, D) > (Y, 9). l 
è [10, Definition 3.27] f is said to be contra-semiopen if KU) € SC(Y, ©) for each 
Uert. ; 
è fis said to be R-open if KU) e RO(Y, ©) for each U e RO(X, 1). 


Corollary 5 is very useful to investigate the set-structure of the family of all R-open 
functions. In what follows, e.d. stands for extremal disconnectedness condition: cl(S) e t for 
all S € 7. 


Theorem 13. Assume f : (X, 1) > (Y, 6) is contra-semiopen. 
® If f is B-continuous and a.o.W., then it is R-open. 
@ If f is semi-continuous and semi-open, then it is R-open. 
@ If (X o) is ed, f is B-continuous and semi-open, then f is R-open. 
@ If f is pre-continuous and weakly open, then it is R-open. 
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Proof. We can easily check that spcl(U) = int(cl(Y)) for any open U. So, by Corollary 5 we 
get int(cl(XU))) = int(cl(Aint(cl(U))))). Then, making use of respectively [10, Lemmas 3.28, 
3.30, 3.32, 3.34] we obtain in all cases O-@ KU) = int(cl({U))) for any U e ROC, 1). 


In [6, Theorem 1.2] it has been shown that each continuous and open function is irresolute. 
A stronger result we obtain below. 


Theorem 14. Let a function f : (X, T) > (Y, 6) be continuous and oepn. Then f is: 
© o-irresolute, © irresolute, © preirresolute, ®© b-irresolute, ® f-irresolute. 


Proof. We shall only ® (proofs for other cases are similar). Let S c X be arbitrary. As f is 
continuous and open, we get the inclusions 


Kel(int(S))) c cl(int({S))) and Aint(cl(S))) c int(A). 
Then 
Kel(int(S)) N int(cl(S))) c elf{int(AS))) A int(cl(AS))), 
and by the formula for bel! (S) (Proposition 10) we obtain 
Kbcl(S) c bel(fS)). 
Therefore, by Proposition 8, f is b-1rresolute. 


Corollary 6. Among continuous open mappings all irresoluteness-like notions listed in Theorem 
14 are equivalent. 


Corollary 7. Let an f : (X, t) —> (Y, ©) be continuous, open, and contra-semiopen. Then it 
is R-open. 


Proof. Simply apply Theorems 14 and 13. Let us remark on the occasion that since RO(Y, 
o)= 6 ^ SC(Y, o) [7, Lemma 2.2], we have for any open and contra-semiopen function f 
that KU) e ROC(Y, ©) for each U € Tt. 


REFERENCES 


1, M.E. Abd El-Monsef, S. N. El-Deeb, R. A. Mahmoud, B-open sets and B-continuous mappings, 
Bull. Fac. Sci, Assiut Univ., 12 (1983), 77-90 


2. D. Andrijević, Semi-preopen sets, Mat, Vesnik, 38 (1986), 24-32. 
3. D. Andrijevic, On b-open sets, Mat. Vesnik, 48 (1996), 59-64. 


4. N. Biswas, On some mappings in topological spaces, Bull. Cal. Math. Soc., 61 (1969), 127- 
135. 


5. C. G Crossley, S. K. Hildebrand, Semi-closure, Texas J. Sci., 22 (2-3) (1971), 99-112. 


14. 


15. 


16. 
17. 
18. 


19. 


20. 


Zi, 


22. 


23. 


24. 


ON PROPERTIES OF SOME WEAK FORMS OF THE CLOSURE OPERATOR 19 


C. G. Crossley, S. K. Hildebrand, Semi-topological properties, Fundamenta Mathematicae, 74 
(1972), 233-254 ! 


J. Dontchev, T. Noiri, Contra-semicontinuous funcitons, Math. Pannonica, 10(2) (1999), 159- 
168. 


J. Dontchev, M. Przemski, On the various decompositions of cominus and some weakly 
continuous functions, Acta Math. Hungar. 71(1-2) (1996), 109-120. 


J. Dugurfdji, Topology, Allyn & Bacon, Inc., Boston 1966. 


Z. Duszytiski, Remarks on S-closeedness in topological spacen Bolletino U.M.I., (8) 10-B 
(2007), 469-483. 


Z. Duszyński, Optimality of mappings and some separation axioms, Rendiconti del Circolo 
Matematico di Palermo, 57 (2008), 213-228. 


Z. Duszynski, On s-closendness and S-closedness in topological spaces, submitted. 


E. Ekici, M. Caldas, Slightly y-continuous functions, Bol. Soc. Paranaense Mat. (3 s.), 22(2) 
(2004), 63-74. 


A.A. El-Atik, A study of some types of mappings on topological spaces, Master's Thesis, Faculty 
of Science, Tanta University, Tanta, Egypt, 1997. 


S. N. El-Deeb, I. A Hasanein, A. S. Mashhour, T. Noiri, On p-regular spaces, Bull. Math. 
Soc. Sci. Math. R. S. Roumanie, 27(75)(4) (1983), 311-315. 


G. L. Garg, D. Sivaraj, Semitopological properties, Mat. Vesnik, 36 (1984), 137-142. 
T. Husain, Topology and Maps, Plenum Press, New York, 1977. 


D. S. Jankovic, A note on mappings of extremally disconnected spaces, Acta Math. Hungar., 
46(1-2) (1985), 83-92. 


N. Levine, Semi-open sets and semi-continuity in i ed ag spaces, Amer. Math. Monthly, 
70 (1963), 36-41. 


S. N. Maheshwari, S. S. Thakur, On a-irresolute mappings, Tamkang J. Math. 11(1980), 209- 
214. 


H. Maki, On generalizing semi-open sets and preopen sets, Report for Meeting on Topological 
Spaces Theory and its Applications, 24-25 August 1996, Yatsushiro College Tech., 13-18. 


H. Maki, K. Chandrasekhara Rao, M. Nagoor Gani, On generalizing semi-open-sets and preopen 
sets, Pure Appl. Math. Sci., 49(1-2) (1999), 17-29. 


A. S. Mashhour, M. E. Abd El-Monsef, B- irresolute and -topological invariants, Proc. Pakistan 
Acad. Sci., 27(1990), 285-291. 


A. S. Mashhour, M. E. abd El-Monsef, S. N. El-Deeb, On pre-continuous and weak pre- 
continuous mappings, Proc. Math. and Phys. Soc. Egypt, 53 (1982), 47 53. 


20 


26. 


27. 


28. 
29. 
30. 


31. 
32. 
33. 


34. 


35, 


36. 


37. 


38. 


ZBIGNIEW DUSZYNSKI 


A. S. Mashhour, M. E. Abd El-Monsef, L. A. Hasanein, On pretopological spaces, Bull. Math. 
Soc. Math R. S. Roumanie, 28(76)(1) (1984), 39-45. 


A. S. Mashhour, I. A. Hasanein, S. N. El-Deeb, «-continuous and 0.-open mappings, Acta Math. 
Hungar., 41(3-4) (1983), 213-218. 


A. Neubrunnovd, On certain generalizations of the notion of continuity, Mat. Casopis, 23(4) 
(1973), 374-380. 


O. Njåstad, On some classes of nearly open sets, Pacific J. Math., 15 (1965), 961-970. 
T. Noiri, On semi-continuous mappings, Lincei-Rend. Sc. fis. mat. e nat., 54(1973), 210-214. 


T. Noiri, Semi-continuity and weak-continuity, Czechoslovak Mathematical Journal, 31(106) 
(1981), 314-321. 


T. Noiri, A function which preserves connected spaces, Cas. pést. mat., 107(1982), 393-396. 
T. Noiri, On a-continuous functions, Cas. pěst. mat., 109 (1984), 118-126. 


T. Noiri, Characterization of extremally disconnected spaces, Indian J. Pure Appl. Math., 19(4) 
(1988), 325-329. 


V. Popa, T. Noiri, On M-continuous functions, Anal. Univ.’ Dunarea de Jos’ Galati, Ser. Mat. 
Fiz. Mec. Teor., Fasc. H, 18(23) (2000), 31-41. 


I. L. Reilly, M. K. Vamanamurthy, On o-continuity in topological spaces, Acta Math. Hungar., 
45(1-2) (1985), 27-32. 

D. A. Rose, Weak openness and almost openness, Internat. J. Math. & Math. Sci., 7(1) (1984), _ 
35-40. 


M. K. Singal, Asha Rani Singal, Almost-continuous mappings, Yokohama Math. J., 16(1968), 
63-73. 


A. Wilansky, Topics in functional analysis. Lecture Notes in Mathematics, vol. 45, Springer- 
Verlag 1967. l 


Institute of Mathematics 
Casimirus the Great University 
Pl. Weyssenhoffa 11, 85-072 Bydgoszcz 


Poland 


[Tour Pare Math, Vo 25, 2008, pp. 21-28] 
NON-PLANAR GRAPHS FROM VEP GRAPHS CLASS-1 


BICHITRA KALITA, BHUPEN DATTA SARMA 


ABSTRACT : In this paper we construct a set of vertex extension planar graphs (VEP-graphs) and from 
VEP graph G,(2m + 2,6m), m 2 2, we construct a set of non-planar graphs Gyp_,. In this set of G,,_, we 
have done some theoretical investigations relating to isomorphism, maximal clique, edge disjoint Hamiltonian 
circuit, minimum and maximum number of crossing and an application. 


AMS Subject classification: 05c30, 05c45, 


1.1 INTRODUCTION 


Kalita [1] introduced the concept of TEEP-graphs and many properties of TEEP-graphs are 
discussed by him. The TEEP-graphs have been used for the construction of strongly regular 
graphs [2]. A new class of non-planar graphs [3] are constructed from TEEP-graphs with certain 
properties relating to maximum and minimum number of crossings. It is found that certain types 
of TEEP-graphs have nice application for the solution of traveling salesman problems [4, 5]. 
Recently Kalita & Sarma [6] constructed VEP-graphs (vertex extension planar-graphs) G,(2m 
+ 3,6m + 3) and G,(2m + 2,6m) for m 2 2 with odd and even number of vertices respectively. 
From the VEP-graphs G,(2m + 3,6m + 3) for m > 2 they constructed a set of non-planar 
graphs Gyp = {G,(2m + 4,8m + 6), m2 2, i= 1, 2... (4m + 1)} and discussed different properties 
of the set of graphs Gyp. 


In this paper we construct a set of non-planar graphs Gyp_; from the VEP-graph 
G,(2m + 2, 6m) for m 2 2 and study some properties of them with an application of these 
non-planar graphs. 


Before going to construct the non-planar graphs from the VEP-graph G,(2m + 2, 6m) 
for m 2 2 let us define the VEP-graph and remind the construction process and properties 
of VEP-graphs. 


1.1 (a) DEFINITION OF VEP (vertex extension planer) GRAPHS: 


A planar graph constructed from the complete graph K, by extending a vertex each time in 
the outer region and joining this vertex to the three vertices in the outer region by three edges 
is caled a VEP (vertex extension planar) graphs. 
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1.2 CONSTRUCTION OF VERTEX EXTENSION PLANAR GRAPHS: (VEP-graphs) 


We consider the complete graph K,. K, has two regions. One is interior and other is exterior 
region. [Generally the complete graphs has no regions, but the representation of K, can be 
considered as planar with two regions as mentioned]. In the exterior region of K, we take 
a vertex say P, and join this vertex with the vertices of K, by edges and get a planar graph 
with even number of vertices and we denote this graph as G, (Fig:1) 


[The suffix e is used to specify that the graph has even number of vertices] 


P, 


P 
. Vi 
Fig: | 

In this graph, we have four vertices. One of them is in the interior regions of G,, we 
may call this vertex as M, and remaining three vertices are in the exterior region of G,. One 
is the vertex P, and the other two we may label them as P, and V,. Now in the exterior 
region of G, we take a new vertex V, and connect V, to the vertices P,, V} and P, of the 
graph G, by edges and get a planar graph G, of odd number of vertices (i.e. 5) (Fig: 2) [here 
o is used to specify odd] 


Fig: 2 
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Again in the exterior region of G} we take a new vertex V, and connect F, to the 
vertices V,, P, and P, of the graph G, by edges and get a planar graph G, (Fig: 3). 
"M, 


N 


Fig: 3 
In the exterior region of this G, we take a new vertex V, and connect to the vertices 
V}, P, and P, of the graph G, by edges and get a planar graph G, of odd number of vertices. 
Continuing this process we get two planar graphs G Qm + 2, 6m) and Gym + 3, 6m + 3), 
m 2 2 having 4m and (4m + 2), m 2 2 number of regions respectively. 


We have obtained these sets of planar graphs by extending vertices i.e. first we extend 
vertex from 3 to 4, then 4 to 5, then 5 to 6 and so on. So we call these sets as vertex extension 
planar graphs: (VEP-graphs) G,(2m + 2, 6m) and G,(2m + 3, 6m + 3), m 2 2 


13 PROPERTIES OF VEP-GRAPHS 
In these VEP-graphs G,(2m + 2, 6m) and G,(2m + 3, 6m + 3), m 2 2 we have 


(1) Two vertices of minimum degree 3 i.e. § (Gy) = 3 and ô (G,) = 3 [The minimum 
degree of a graph is denoted by ô ] 

(2) Two vertices of maximum degree (2m + 2) of the graph G,(2m + 3, 6m.+ 3), m 
22 i.e. A (Gy) = (2m + 2) [The maximum degree of a graph is denoted by A ] 

(3) Two vertices of maximum degree (2m + i) of the graph G,(2m + 2, 6m) for m 
z 2 ie. A (G,)= (2m + 1) 

(4) Other vertices are of degree 4 for both the graphs G (2m + 2, 6m) and Gy(2m 
+ 3, 6m + 3), m > 2 


Note: This VEP graph is different from TEEP graphs as the properties 2, 3, 4 of VEP graphs 
are different from the properties of TEEP graphs. 


w 
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1.4 NOTATION AND TERMINOLOGY 


In the VEP graphs we have two vertices of maximum degree. These two vertices are P, _ 
and P,. Two vertices of minimum degree one is M, and we denote the other as M,. Also 
we have (2m — 2) number of vertices of degree 4. We denote these vertices as V,, V,, V, 
.. Vo, 9: Every interior region of VEP-graphs is covered by three edges joining three vertices. 
But for our convenience we say that three vertices cover every interior region of VEP-graphs. 
Now in the graph G,(2m + 2, 6m), m 2 2 out of (4m — 1) interior regions we have five interior 
regions, at least one vertex of each region is of minimum degree, one vertex is of maximum 
degree. These five regions together we will call as Principal Regions (PR-regions). Other regions 
of this graph i.e. (4m — 6) interior regions are covered by two vertices of degree 4 and one 
is either P, or P}. 


Now we construct a set of non-planar graphs from the VEP-graph G(2m + 2, 6m), 
m 2 2. We shall denote this set of non-planar graphs by G,,» , and each member of this set 
by G(2m + 3, 8m + 2) for m 2 2. 


2.1 CONSTRUCTION OF NON-PLANAR GRAPHS FROM VEP-GRAPH 
G,(2m + 2, 6m), m > 2 


` Let us consider the VEP-graph G,(2m + 2, 6m), m z 2. For m = 2, the graph has seven interior 
regions and one exterior region, We introduce a new vertex V in any interior region of this 
graph. Connecting this vertex to the other vertices by edges, we obtain a new graph which 
is non-planar graph (Fig-4), as some edges of this new graph intersect at some edges of previous 
graph. Thus taking the vertex V in any one of the seven interior regions and connecting to 
the other- vertices we get such seven non-planar graphs. 
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Similarly in the VEP graph G,(2m + 2, 6m), m 2 2, we have (4m — 1) interior regions 
and taking a new vertex V in any of these (4m — 1) interior regions and joining this vertex 
by edges to the other vertices we get a set of non-planar graphs Gyp_;- This set has (4m 
— 1) number of elements (non-planar graphs) 


Thus Gyp_, = {G,(2m + 3, 8m + 2), m2 2, i= 1, 2, ....(4m—1)}. We study the isomorphism 
property, maximum clique edge disjoined Hamiltonian circuits, minimum number of crossing and 
maximum number of crossing for the members of the set Gy» , and we have developed the 
following theorems. 


Note: The set Gyp_, = {G(2m + 3, 8m + 2), m z 2, i = 1, 2, ... (4m — 1)} is non 
planar as each member of the set of graphs some edges of this new graph intersect at some 
edges of the previous graph (one can not draw G,, _, without intersecting some edges of the 


previous graph) 
Theorem 1, All members (graph) of the set G,, _, are isomorphic to each other. 


Proof. Let us consider any two members of the set Gyp_,. Let G, and G, be any two members 
of the set G,) ,. Now from the construction’ process of the members of the set Gyp , we 
see that pattern of each member are same. The minimum degree of each member is 4 and 
the maximum degree is (2m + 2) for m 2 2 and degrees of the other vertices are 5. Hence 
there exists a one-one correspondence between the vertices of G, and G, which preserves 
the adjacency property of isomorphic graphs. Hence G, and G, are isomorphic to each other. 


So all members of the set Gyp_; are isomorphic to each other which proves the theorem. 
Theorem 2. Each member (graph) of the set Gy _, has a maximum clique graph Ķ,. 


Proof. From the construction process of the planar graph G,(2m + 2, 6m), m 2 2, we see 
that the vertices of the complete graph K, are P,, P,, M, and V,. Taking a vertex V in any 
interior region of the planar graph G,(2m + 2, 6m), m 2 2 and joining this vertex to the other 
vertices of the planar graph G,(2m + 2, 6m), m 2 2 by edges we get the set of non planar 
graph G,p_,. The new vertex V is connected to all four vertices P,, P,, M, and V, and these 
five vertices form the complete graph K,. No other vertices i.e. Vas V3, ... V>,, > are not connected 
to the vertex M,. Similarly FV} is also not connected to V.V, is also not connected to V, and 
V, and so on. Thus A, is the maximum clique graph of the set G,_, e.g. for m = 2 (Fig.-5) 
the vertex V, is not connected to the vertex M, by edges. Similarly the vertex M, is also 
not connected to the vertices M, and V,. Only the complete graph K, whose vertices are 
Pi» Pa, M,, V, and V is the maximum clique graph for m = 2. Hence prove. 


Theorem 3. The maximum number of crossing exists in the graph G(2m + 3, 8m + 2), m2 
2 of the set Gpp; if the new vertex V is introduced in any one of the PR-region of the graph 
G (2m + 2, 6m), m = 2 and the maximum number of crossing is m? for m 2 2. 
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Proof. We know that there are five interior regions in the PR-region. Three of them are the 
interior regions of the complete graph K, and they are adjacent to each other. Each of those 
three regions is a furthest region from the other regions. When we introduce the new vertex 
V in one of these three regions and connect the vertex V with other vertices of the graph 
G,(2m + 2, 6m), m> 2 then automatically the crossing of all edges will be maximum. Similarly 
the other two interior region of the PR-region is obtained by joining the minimum degree vertex 
M, to P, and P, by edges and these two interior regions are also adjacent to each other and 
furthest from the others. If we introduce the new vertex V in these regions and connect this 
vertex with all other vertices of the graph G (2m +2, 6m), m > 2 then automatically the crossing 
of all edges will be maximum. The second part of the theorem i.e. maximum number of crossing 
can be easily proved by mathematical induction. 


Theorem 4. The minimum number of crossing exists in two regions of the graph Gyp_; covered 
by Væ Vn- and P, vertices and the region covered by Vp» V,_, and P, vertices and the 
number is mm — 1)+ 1, m> 2. 


Proof. In the graph of G,(2m + 2, 6m), m > 2 we have 2(m — 1) i.e. even number of vertices 
of degree 4. So the interior regions covered by V_, V_,_, and P, vertices and the region covered 
by Fa» V., and P, vertices will be exists in the middle of the graph. So if we introduce 
the new vertex V in these regions and connect V to other vertices by edges we have to cross 
minimum number of edges and hence the number of crossing is minimum which proves the 
first part of the theorem. 


The second part of the theorem can be proved by mathematical induction. 


Theorem 5. Every member of the set 
Gyp_,; İs Hamiltonian and for m = 2 every 
member of the set Gyp_, have two edge 
disjoint Hamiltonian circuits but for m> 3 there 
does not exist any edge disjoint Hamiltonian 


circuits. | 
Proof. Let G (2m + 3, 8m +2) form> 2 ZX 

be any member of the set Gy,>_,. The vertices P2 

of the graph G, are P, Pa, Mi, Vi V2, V3 aN 

e Vow 9» Mp, and V. We consider any vertex , 

say V, then from construction process we 


have the graphs PAARE i 
Vim-2MoPaM VV VVV; is Hamiltonian [A 
circuit connecting all vertices]. From Fig-5 for 


m = 2 we see that there are two edge disjoint M 
Hamiltonian circuits. Fig. 5 ' 
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But for m > 3, if we can show that at least one member of the set Gyp_, has no edge 
disjoint Hamiltonian circuit then the 
second part will be proved. For this we 
draw a graph for m = 3 and from the 
graph (Fig-6) it is clear that there does 
not exist any disjoint Hamiltonian 
circuit. 

Theorem 6. Every member of the set 
Gyp_, = {G,(2m + 3, 8m + 2), m 2 2, 
i= 1, 2, ... (4m — 1)} is non planar. 


Proof. We know that a graph will be 
non planar [7] if e > (3n — 6), where 
e is the number of edges and n is the 
number vertices. Here for each member 
of the graph Gyp , = G(2m + 3, 8m 
+2,m22,i= 1, 2, ... (4m — 1)}, the 
number of edges e = 8m + 2, and the 
number of vertices n = 2m + 3 for m 
2 2. Now 3n — 6 = 3(2m + 3) -6= 
6m + 3 for m 2 2 and e = 8m +2 = 
6m + 3+ 2m — 1 = Gn — 6) + 2m — 
1 >(@Gn—6), for m 2 2 Thus the condition 
e > (3n — 6), is satisfied. Which proves 
the theorem. 





APPLICATION OF RESEARCH FINDINGS 


Problem. Suppose there are seven main police points in a city and there are eighteen roads 
connecting all these police points. If the traffic density is more due to the increasing of population 
in the city, then definitely, in every crossing of two roads, there must have traffic police duty 
in every crossing of roads. 


Now design a network with the given eighteen roads and seven police stations so that 
there should have minimum traffic police duty at every crossing of roads. 


Solution. The network can be designed from the non-planer graph G,2m r 3, 8m + 2) for 
m = 2, which satisfy all the conditions of the given problem. 


The minimum number of police duty i.e. minimum number of crossing can be obtained 
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from the theorem: 4 which is given m(m — 1) + 1 =2.1 + 1 = 3 (for m = 2) so the minimum 
number of traffic police duty at these crossing points is 3. l 
Similarly one can design a network for different values of m by using the non-planar 


graph G (2m + 3, 8m + 2), m > 2 and the minimum number of police duty at the crossing 
can be obtained by using the theorem: 4. 


Acknowledgement. We prepare this paper according to the suggestions of the referee. We 
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the present form of this paper. 
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SOMEWHAT CONTINUOUS FUNCTIONS ON 
FUZZIFIED TOPOLOGICAL SPACE 


Tazip ALI AND Sampa Das 


ABSTRACT : In this paper the concept of somewhat continuous functions, somewhat open functions 
are introduced in fuzzified topological space and some interesting properties of these functions are 
investigated. 


Key words : Fuzzified topological space, somewhat continuous function, somewhat open function. 
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1. INTRODUCTION 


The theory of fuzzy topological spaces was introduced and developed by C.L. Chang [2] and 
since then various notions in classical topology have been extended to fuzzy topological spaces. 
The concept of somewhat functons was introduced by Karl R.Genry and Hughes B. Hoyle 
[3] and this concept was studied in connection with the idea of feebly continuous function 
and feebly open functions introduced by Zdenek Frolik [4]. In [5] G Thangaraj and G 
Balasubranian introduced these concepts in fuzzy topological spaces. In this paper we have 
discussed the properties of somewhat continuous and somewhat open functions in fuzzified 
topological spaces. 


2. PRELIMINARIES 
In this section we recall some definitions and results that will be used in the sequel. 


Definition 2.1[7]. A fuzzified topology on a nonempty set X is fuzzy subset of power set of 
X, P(X) i.e., a function t : P(X) — [0, 1], satisfying the following conditions: 


X) = t) = 1. 
TA N B) 2 t(A)a1(B), A, B € P(X) 
T(VA,) 2 #1(A;) for any sub collection {A,} of P(X). 


The pair (X, t) will be called a fuzzified topological space (FTS). t(A) is the degree 
of openness of A and 1(A°) is the degree of closedness of A, where A° is the complement 
of A. 
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Definition 2.2.[7] A fuzzified co-topology on a nonempty set X is a fuzzy subset of P(X) i.e., 
a function œ : P(X) — [0, 1], satisfying the following conditions: 


o(X) = w(9) = | 

o(d L B) 2 w(A) ^a @(B), A, B e P(X) 

(A) T 1(A,) for any sub collection {4,} of P(X). 
Proposition 2.3[7] Let t be a fuzzified topology on X and œ, : X —> [0, 1] be defined as 
@,(A) = 1(A4°). Then œ, is a fuzzified co-topology on X. 
Proposition 2.4[7] Let œ be a fuzzified co-topology on X and Tẹ : X — [0, 1] be defined ` 
as 1,(A) = w(A°). Then Tp is a fuzzified topology on X. 
Proposition 2.5[7] If t is a fuzzified topology and œ is a fuzzified co-topology on X then 
Tor = T and Oy = O. 
Proposition 2.6[7] Let (X, 1) be a fuzzified topology and Y ¢ X. Then ty : P(Y) > [0, 1] 
given by 

TAU) = vit(V) : U= Y A^ V} is a fuzified topology on Y. 

Ty is then called fuzzified subspace topology. 
Definition 2.7[7] Let (X, t) and (Y, 5) be two FTSs. A function f :(X, 1) -> (Y, 8) is said 
to be continuous with respect to t and 8 if t(f-'(U)) 2 8(U) for each U e P(Y). 
Result 2.8 Let (X, 1) and (Y, 5) be two FTSs. A function f : (X, 1) -> (Y, 8) is continuous 
with respect to t and ô iff a (f'(U)) 2 ,(U) for each U g Y. 
Definition 2.9[7] Let (X, t) and (Y, 5) be two FTSs. A function f : (X, t) — (F, 8) is said 
to be open with respect to t and ô if t(G) < 8(QG)) for each G e P(X). 


Definition 2.10[7] Let (X, t) and (Y, 5) be two FTSs. A function f : (X, t) — (Y, 8) is said 
to be closed with respect to t and 6 if œ (G) S @;(AG)) for each G e P(X). 


3. SOMEWHAT CONTINUOUS FUNCTIONS IN FUZZIFIED TOPOLOGICAL SPACE 


In this section we introduce and discuss the properties of somewhat continuous function in 
fuzzified topological spaces. 


Definition 3.1 Let (X, 1) and (Y, 5) be two FTSs. A function f : (X, t) > (Y, 8) is said to 
be somewhat continuous with respect to t and 8 if for each U c Y, with f'(U) # ò there 
exist 6 # V c X such that V c f}(U) and 1(V) 2 8(U). 
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It is clear from the defintion that a continuous function is somewhat continuous. That 
the converse is not always true is evident from the following example. 


Example 3.2 Let X = {a, b, c}, u and v are fuzzified topologies on X defined as : 


Me Ke ES ES 
7 
Dy fa pe 


Let g : (X, u) — (Y, v) be the identity function. Then p[g({a, b})] = w({a, b}) = 


.5 < .6 = v({a, 5}). Therefore g is not continuous. However there exists {a} c {a, b} such 
that u({a}) > v({a, 5}). Hence g is somewhat continuous. 





Result 3.3.A function f : (X, t) —> (Y, ò) is somewhat continuous with respect to t and 6 
iff for each U c Y, with f1(U) # X there exist V © X such that and f'(U) c V and 0(V) 
2 ;(U). 


Proof. Let f : (X, t) —> (Y, 5) be somewhat continuous. Consider U œ Y such that f1(U) # 
X. Then Uc Y such that f'(U*) # 0. 


As f is somewhat continuous, there exists 06# Wo X: 

W c f'(U) and (W) 2 &(U) > W a {f 1(U)}" and o (W°) 2 œU) 
= f'(U) œ W and œ, (W°) > 0;(U). 

Let V = W", then V & X: f(U) c V and œ (V) 2 oU) 
‘ Converse. 


Let U & Y such that F(U) © X. Then Uc Y such that 7!(U*) # p. So by hypothesis, 
there exist V © X : f1(U°) c V and 0,(V) > (L°) which gives {f1(U)}° ¢ V and @,(V) 
> 0(U) > Vc fU) and (7°) = &(U). Let F = W. 


Then W # ọ and W c f'(U) and (W) 2 &(U) 
Result 3.4 Let (X, 1), (Y, 8) and (Z, 9) be FTSs. 

Let f : (X, t) — (Y, 8) and g : (Y, 8) — (Z, 7) are somewhat continuous functions, then 
gof : (X, tT) > (Z, 0) is continuous, if f1(V) # o for all oz Vic Y. 
Proof. Let U œ Z such the (gof! (U) + 9. 


We have f(g7}(U)) = (gof! (U) + p implies g!(U) # . As g is somewhat continuous, 
there exists ġ 4# W c Y: W œ g (VU) and &W) = H(U). 
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Again by hypothesis 6 + W = f(W) + 0. As f is somewhat continuous, there exists 
Va X: Va fI) and (7) 2 ôW). Thus V a f'g (U) and (VY) 2 8(W) 2 n0). 
That is, there exists 0 # Vc X : V c (gof! (U) and 1(V) 2 n(U). 


The following example shows that the condition f! (F) # ọ for all 6 + V œ Y is sufficient 
but not necessary. 


Example 3.5 Let X = {a, b, c}, T, w and v are fuzzified toplogies on X defined as: 





Let f : (X, W) — (X, 1) be defined as a) = a, Ab) = Re) = c and g : (X, t) > (X, 
v) be the identity function. 


Then it is easy to verify that f g and gof are somewhat continuous though f!({5}) 
= . 
Definition 3.6 Let (X, T) be a FTS. A subset D g X is said to be dense in X if there exists 
no subset V & X such that D & V and w,(V) > o,(D). 


Result 3.7 Image of a dense subset under a somewhat continuous and closed function is dense. 


Proof. f : (X, T) — (Y, u) be somewhat continuous and D be dense in X. Consider AD). If 
KD) = X, we are done. So let AD) + X. Suppose D) is not dense, then there exists B G 
Y: AD) S Band ©, (B) > ,,(AD)). Since f is somewhat continuous, for B $ Y there exists 
F& X:f"(B) c F and O,(F) 2 @, (B). Again AD) œ B > D c f!(B) g F = D q F. Also, 
o, (F) 2 o, (B) > a, AD) 2 ©,(D), since f is closed. But this is a contradiction to the fact 
that D is dense in X. 


The following example shows that the above result need not be true if the condition 
of closed of f is omitted. 


Example 3.8 Let X = {a, b, c, d} and t and p be fuzzified topologies on X defined as: 
WA)= 1,4 =X, 0 
= 7, A = {c, d} 


= 5, otherwise. 
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W(4)= 1,4 =X 6 
6, A = {b} 
= .4, otherwise. 
Let f : (X, t) — (Y, u) be given Xa) = b, Kb) = c, fc) = d, Kd) = a. 


Then f is somewhat continuous and D = {a, b} is dense in X. 


But KD) = {b, c} is not dense in Y, as there exists {a, c, d} > {b, c} such that 
© ({a, c d}) = w({b}) = .6 > 4 = p({a, d}) = œ b, c}) = oD. 
Note that here f is not closed. 
Result 3.9 Let f : (X, t) — (Y, ò) be somewhat continuous. Then for any 4 G X, 
fi, : (A, 4) —> (Y, 6) is somewhat continuous. 


Proof. Since f} is the composition of the inclusion map j : (4, t,) > (X, 1) and f: (X, 7) 
—> (Y, 5), the result follows from Result 3.4. 


Result 3.10 Let f: (X, t) — (Y, 5) be somewhat continuous where Y is a subspace of Z. Then 
h: X -— Z, where h is obtained by expanding the range of f is somewhat continuous. 


Proof. Let p denote the fuzzified topology on Z. Then 5 = u, Let U c Z with WF!(U) # 9. 
We have V = Yn UG U. Then f!) = MY = EY o (Y=) n FY) = rU). 
So f'!(V) # 6. Since f is somewhat continuous, there exists ọ + W c X : W œ f}(V) and 
P) = 8) = LKP) 2 pO). Thus W c rU) and 1H) 2 pO). 
Result 3.11 Let f : (X, t) — (Y, 5) be somewhat continuous and AX) ¢ Z eT, 
Then g : (X, t) > (Z, 8,) is somewhat continuous. 
Proof. Let U c Z with giU) + 0. 
As RX) c Z, then for any Vg Y: U =Zn Kf = gU. 
As f is somewhat continuous, there exists 6 + Wo X: W œ f1(V) and t1(F) 2 8(P). 
But this is true for any V ¢ Y satisfying U = Z N F. i 
So (W) > v {8V): U = Z n V} = 8(U). 
Hence there exists 9 + W a X: Woe g?(V) and (WM) 2 5(U). 
Result 3.12 Let f : (X, t) — (Y, 5) and suppose A and B be subsets of X : 
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X= AU B and (A) = 1 = UB). If, : (44) > O, 5) and fz : (B, Tp) > (Y, 5) 
are somewhat continuous then f is somewhat continuous. 


Proof. Let U c Y and F(U) # 6. As FU) = FU) U fiU), either f-\(Y) # 6 or 
fy \(U) + >. Suppose f (U) # 6. As f; is somewhat continuous, there exists 6# WC 4 : 
W c fy (U) and t (W) 2 8(U). But (4) = 1 implies t,(W) = 1). 

Thus we have W c f,1(U)  f'(U) and (W) 2 8(U). 


Definition 3.13 Let t and 5 be two fuzzified topologies on a set X. t is said to be weakly 
equivalent to 8 if for any ọ + Wc X, there exists 6 + U, V œ W such that t(U) 2 (P) 


and 8(V) = 10). 


Remark 3.14 t and 6 are weakly equivalent on X iff the identity function from (X, T) onto 
(X, 5) is somewhat continuous in both directions 


Proof. The proof is straightforward. 


Result 3.15 Let f : (X, 7) — (Y, 8) be somewhat continuous. If u is weakly equivalent to 
t, then f: (X, u) > (Y, 5) is somewhat continuous. 


Proof. Let U œ Y and f!(U) = 6. As f is somewhat continuous, there exists 6# VC X: 
V c f'(U) and (V) 2 8(U). 


Again u is weakly equivalent to ô, therefore there exists ọ # W c V : (P) 2 (P). 


Result 3.16 Let f : (X, t) > (Y, 5) be somewhat continuous and onto. If 6 is weakly equivalent 
to v, then f: (X, t) — (Y, v) is somewhat continuous. 


Proof. Let U c Y such that f!(U) # 6. Then U + ọ. Again 6 is weakly equivalent to v implies 
there exists 6 # W c U : 8(W) 2 v(U). As f is onto W + ọ implies f(W) # 0. 


Now f: (X, t) > (Y, 5) is somewhat continuous, therefore, there exists ¢ + V œ X such 
that V c f1(W) and t(V) > è). 


Thus there exists 6 + V œ X such that V c f''(W/) and t(V) = v(U). 
Combining Results 3.15 and 3.16 we have 


Result 3.17 Let f : (X, 1) > (FY, 5) be somewhat continuous and onto. If p is weakly equivalent 
to t and v is weakly equivalent to ô, then f : (X, u) => (F, v) is somewhat continuous. 
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Definition 3.18 A fuzzified topological space is said to be separable if there exist a countable 
dense subset. 


Result 3.19 Let f : (X, t) — (Y, 5) be closed and somewhat continuous. If X is separable 
then so is Y. 


Proof. Since image of a countable set is countable, the result follows from Result 3.7. 


4. SOMEWHAT OPEN FUNCTIONS IN FUZZIFIED TOPOLOGICAL SPACE 
In this section we introduce and discuss the properties of somewhat open function in fuzzified 
topological spaces. 


Definition 4.1 Let (X, t) and (Y, 5) be two FTSs. A function f : (X, tT) — (Y, 5) is said to 
be somewhat open with respect to t and ô if for each o # U c X, there exist o# V g X 
: VF œ KV) and (V) 2 (U). 

It is clear from the definition that an open function is somewhat open. That the converse is 


not always true is evident from the following example. 


Example 4.2 Let X = {a, b, c}, T and u are fuzzified topologies on X defined as : 





Let f : (X, 1) > (Y, u) be the identity function. 


Then f is not open, since f{a, b}) = {a, b} and p[f{{a, b})] =.2 < .5 = t{a, b}. 
f ) 
However f is somewhat open as there exists {a} œ f({a, b}) such that 
U({a}) = .6 > 5 = t{a, b} 
Definition 4.3 Let (X, t) and (Y, 5) be two FTSs. A function f : (X, 1)" (Y, 8) is said to 
be somewhat closed with respect to t and 6 if for each U £ X, there exist V £ Y such that 
AU) a F and (PV) 2 œU). 


Result 4.4 Let f : (X, T) — (Y, u) is somewhat continuous, and g : (Y, p) > (Z, v) is somewhat 
continuous, the (gof) : (X, t) > (Z, v). 
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Proof. Let 6 + U œ X. Consider (gof)(U). Since f : (X, t) — (Y, 1) is somewhat continuous, 
there exist 6 # Vc Y: Vc KU) and w(P) 2 t(U). Again g : (Y, p) > (Z, v) is somewhat 
continuous, so there exists 06 # WaZ: Wc ge(V) and F) 2 WY). 

Thus we have ọ # W c g(fU)) = (gof(V) such that v(W) 2 t(U). 


Result 4.5 Inverse image of a dense subset under a somewhat closed and continuous function 
is dense. 


Proof. Let f : (X, t) — (Y, 5) be somewhat closed and continuous function. Let D be dense 
in F. Consider f'(D). Suppose f!(D) is not dense in X. Then there exists F ¢ X : f(D) 
G F and œ, (F) > o,(f'(D)). Now F ¢ X = fF) £ Y. As fis somewhat closed, there exists 
B q Y:RF)cBando(B)20(F). 


” 


Thus D c AF) c B and «(B) 2 @,(F) > ,(f(D)) = @,(D), since f is continuous. 
But this is contradicition to that fact that D is dense in Y. Hence f(D) is dense in X. 


Result 4.6 Let f : (X, T) > (Y, 5) be one-one and onto. Then f is somewhat open iff f is 
somewhat closed. 


Proof. Suppose f is open. Let U œ X : RU) + Y. To find V ¢ Y such that AU) c V and 
a (V) 2 w(U). If U = 6, then AU) = 6. We choose V = 9. 


So let ġ + U ¢ X. Then 6 # QU) ¢ Y. Let U = W, then do + W g£ X. Since f is 
somewhat open, there exists 0# Vc Y: 


V c AW) and (W) > &(V) = RWF c V and œ (W) 2 o) 


=> AW) c W and œ (U) > œ(7°). Let ¥ = F. Since 6 + V, Y + W = F. Thus for 
U © X: KRU) & Y, there exists F ¢ Y : KU) c F and w,(U) 2 œ;(F). Hence fis somewhat 
closed. 


Converse. Leto # Uc X. If U= X, AU) = Y. Choosing V = Y, we are done. 
So let ġ + Ug X. Let G = W, then ọ¢ + G g, X and so AG) ¢ AE E 
Hence by hypothesis there exists W ¢ Y : 
. KG) c W and œF) 2 @(G) > W c RGF and &(F*) 2 (G°) 
=> We KG*) and &(W°) 2 (G) = W c KU) and 8P) 2 (U) 
Let W = V. Then 6 # VO¥:V¢ AU) and &V) 2 t(U). Hence f is somewhat open. 
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Result 4.7 Let f : (X, t) — (Y, 5) and suppose A and B be subsets of X : 
X=AUB.Iff: (4, t,) > (Y, ò) and f : (B, tp) > (Y, 5) are somewhat open then 
f is somewhat open. 
Proof. Let p + Uc X. If UN B = 6, then RU) = fU). 
Since f, is somewhat open, there exists 6# V œ Y: V œ f,(U) and ô(V) 2 t,(U). But 
t,(U) 2 (U). Therefore ġ + V c Y: V œ AU) and &(V) 2 (UV). 
Similar is the case if U ^ A = 6. So let Un A #ọ# UNB. Then AU) = fU) v 
f,(U). 
As f, is somewhat open, there exists ¢# Vc Y : V c f,(U) and &(V) 2 t(U) 2 (UV). 
As fz is somewhat open, there exists ¢# W œ Y : Wc f,(U) and 6(W) 2 t(U) 2 (U). 
Then there exists 9# F=VONWCY: 
Fc faU) Y fU) = RU) and &(F) = èV n W) 2 è) a OF) 2 WU). 


Remark 4.8 t and 6 are weakly equivalent on X iff the identity function from (X, T) onto 
(X, 5) is somewhat open in both directions. 


Result 4.9 Let f : (X, t) —- (FY, 5) be somewhat open function. If u is weakly equivalent to 
t and v is weakly equivalent to t, then f : (X, p) > (Y, v) is somewhat open function. 


Proof. The proof is straightforward. 


Definition 4.10 A f: (X, t) — (Y, 8) is a said to be somewhat homeomorphism if f is one- 
one, onto, somewhat open and somewhat continuous. 


Remark 4.11 If fis a somewhat homeomorphism them ft is also a somewhat homeomorphism. 
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ON A QUARTER-SYMMETRIC NON-METRIC 
CONNECTION IN A LORENTZIAN 
PARA-COSYMPLECTIC MANIFOLD 


AMIT PRAKASH, DHRUWA NARAIN AND B. PRASAD* 


ABSTRACT : In 1975, Golab introduced the notion of quarter symmetric connection in a Riemannian 
manifold with affine connection. This was further developed by Yano and Imai (1982). Rastogi (1978, 
1987), Mishra and Pandey (1980), Mukhopadhyay, Ray and Barua (1980), Brwas and De (1997), Sengupta 
and Biswas (2003), Singh and Pandey (2007) and many others. 


In this paper we define and study a quarter-symmetric non-metric connection on an LP-cosymplectic 
manifold. The curvature tensor and the Ricci tensor of the quarter-symmetric non-metric connection is 
found. A necessary and sufficient condition has been deduced for the Ricci tensor 7 to be symmetric 
and skew — symmetric under certain conditions. First and Second Bianchi identities associated with 
quarter-symmetric non-metric connection Ẹ . Einstein manifold, Weyl-conformal curvature tensor, special 
curvature tensor of a quarter-symmetric non-metric connection 7 is found. 


1. INTRODUCTION 


Let (A#", g) be an n-dimensional differentiable manifold on which there are defined a tensor 
field @ of type (1, 1), a contravariant vector field Ẹ, a covariant vector field n and a Lorentzian 
metric g, which satisfy 


ox = X+ (XÉ, (1.1) 

ng) =-l, (1.2) 

eX OY) = aX Y + n(x), (1.3) 

and a(X, &) = n(X), (1.4) 


then Af” is called a Lorentzian para-contact manifold (an LP-Contact manifold) and the structure 
(o, & n, g) is called an LP-Contact structure (Matsumoto 1989). 


In an LP-Contact Manifold, we have , 
(a) =0 (b) nX) = 0 (c)rank > = (n — 1). © (1.5) 
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Let us put 
F(X, Y) = g(04, Y). 

Then the tensor field F is symmetric (0, 2) tensor field 
F(X, Y) = FM, X). 


An LP-Contact manifold is said to be an LP-cosymplectic manifold (Prasad and Ojha, 
1994) if 


Vb = 0 implies (V FXX Z) = 0. (1.8) 
On this manifold, we have | 

(VnXY) = 0, | (1.9) 
and vV = 0, (1.10) 


for vector fields X, Y and Z, where V denotes covariant differentitation with respect to g. 


o Let (Af, g) be an LP-cosymplectic manifold with Levi-Civita connection V, we define 
a linear connection Vy on M” by 


V yl = VY + (YHX + XXY. (1.11) 

where ņ and a are l-forms associated with vector field & and 4 on M” given by 
a(X, §) = n(X), , | (1.12) 

and è g(X, A) = a(X), l (1.13) 


for all vector fields X e y(M™), where y(M") is the set of all differentiable vector fields on 
M. 


Using (1.11), the torsion tensor 7 of M” with respect to'the connection Y is given by 
T (X Y) = (HX — NAHY + (XHY — af YX. (1.14) 
A linear connection satisfying (1.14) is called a quarter-symmetric connection. 
Further using (1.11), we have 
(FÆ, Z = NOX Z) — n(DgoX, Y) - 2a(Xg(o¥, 2). (1.15) 


A linear connection Ų defined by (1.11) satisfies (1.14) and (1.15) is called a quarter- 
symmetric non-metric connection. 


Let Vv be a linear connection in M’ given by 
Vxl = VY + AX, Y). (1.16) 
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Now, we shall determine the tensor field H such that V satisfies (1.14) and (1.15). 


From (1.16), we have 


TE Y) = MX Y) - AO 4). (1.17) 
Denote G(X, Y Z) = (F XY 2) (1.18) 
From (1.16) and (1.18), we have 

gX Y), Z) + (X, 2, Y) = -G(% E2. (1.19) 


From (1.16), (4.18), (1.19) and (1.15), we have 
ATX YY, D+ aATSZX, N+ aT Y), xX 
= g(H(X, Y), Z) - g(A(Y, X), 2) + EKZ, X), Y) - 8KX, 2), Y) 
+ g(H(Z, Y), X) - «HO, Z), X) 
= 280X, Y), Z) + G(X Y Z) + GO, X, 2) - GZ X, n). 
= 28X, Y), Z) - 2n(Z)g(oX,Y) - 2a(X)g(o¥, Z) — 2a(V)g(oX, Z) + 
2a(Z)g(o%, Y). 


or, HX, Y) = S{T(X.Y)+T(XY)+T(VX)} + aH + a(K)OX + OXE - g(OX VA. 
Where T be a tensor field of type (1, 2) defined by. 
aT (LY), 2 = (TZ XY, P) 
or, HX, Y) = nox + XHY. 
This implies 
Vyl¥ = Vy¥ + NOHX + aD. 
2. CURVATURE TENSOR OF AN LP-COSYMPLECTIC MANIFOLD WITH RE- 
SPECT TO THE QUARTER -SYMMETRIC NON-METRIC CONNECTION ¥ 
Let R and R be the curvature tensor of the connection VV and V respectively then 


R(X Y)Z = Vy VyZ - VyV xZ -Vix nZ. (2.1) 
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From (1.11) and (2.1), we get 
R(X,Y)Z = Vy(VyZ) + n(Z)oY + a(¥}OZ — Vy(V xZ+n(Z}%X + a(X)OZ ) 
| ~ Vix nZ —-n(Z)o(|X,¥]) —a(|X,F])oZ. (2.2) 
Using (1.8), (1.9) in (2.2), we get 
R(X, Y)Z = R(X, Y)Z + (XM - a(Yn(ZX + a(Xn(Yn(DE 
~ a YMAXMØE + da(X, Y) ¢Z. (2.3) 
where R(X, Y)Z = VyVyZ - VW - Vix vd, | 
is the curvature tensor of V with respect to the Riemannian connection. 
Contracting (2.3), we find | 
S(% Z) = SY, Z) - (n — 2a(Yyn(Z) + EMME) + da(oZ, Y) (2.4) 
and F =r—(n— la(E) +A | (2.5) . 
where § and F are the Ricci tensor and scalar curvature with respect to Ẹ, 
À = trace daz Y). 
Hence, we can state the following theorem. 


Theorem (2.1). The curvature tensor R (X, Y)Z the Ricci tensor § (Y, Z) and the scalar curvature 
F of an LP-cosymplectic manifold with respect to quarter-symmetric non-metric connection is 
given by (2.3), (2.4) and (2.5) respectively. 


Let us assume that R(X, Y)Z = 0 in (2.3) and contracting, we get 
S(LZ) = (n — 2)a(Yn(Z) - a(Eyn(Yyn(Z) — daloZ, P). 

Which gives r = (n — l)a(E) — A. . 

Hence, we can state the following theorem: 


Theorem (2.2). If an LP-cosymplectic manifold M” admits a quarter-symmetric non-metric 
connection whose curvature tensor vanishes, then the scalar curvature r is given by 


r= (n ~ 1)a(§) - À. 
From (2.3) it follows that 
“RY YIYZP+` RY X Z W) = 0. “ (2.6) 
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and ` R(X, YZ W) +` R(E Z X, W) +`R(Z X YW) = dalX Pgz, W) + da(¥ Z) 
gX, W) + da(Z, DOE W) + [a(X)n(Z) — ZMA gE P) 
+ [a(Zm(¥) - YME W) + OMD - AMOAZM. N) 
Where ` R(X Y Z, W) = «R(X YZ, W) 
and “R(X, E Z W) = (RX rz, W) 
Hence, we can state the following theorem: 


Theorem (2.3). The curvature tensor of an LP-cosymplectic manifold with respect to the 
quarter-symmetric non-metric connection Y, satisfies the relation (2.6) and (2.7) 


3. SYMMETRIC AND SKEW-SYMMETRIC CONDITION OF RICCI TENSOR OF 
V IN AN LP-COSYMPLECTIC MANIFOLD 


From (2.4), we have 

S (Z, Y) = SZ, Y) — (n — 2Ja( ZMF) + EMM) + da(o¥.Z). (3.1) 
From (2.4) and (3.1), we have 

S(%2)- §@Z Y) = (n - 2)a(Zyn(¥) — (n — 2)a(Yn(Z) + da(oZ, Y) — da(ġ¥ Z). (3.2) 
If $(¥ Z) is symmetric, then the L.H.S. of (3.2) vanishes, hence we get 

(n — 2)[a(Z)n(¥) — a(Yyn(Z)] = day, Z) — da(oZ, P). (3.3) 
Moreover if relation (3.3) holds, then from (3.2), §(¥ Z) is symmetric. 
Hence, we can state the following theorem: 


Theorem (3.1). The Ricci tensor § (X Z) of the manifold with respect to the quarter-symmetric 
non-metric connection in an LP-cosymplectic manifold is symmetric if and only if the relation 
(3.3) holds. 


Again from (3.4) and (3.1), we find 
5E 2+ F(Z Y) = 28, Z) - (n - Dam) + a Zm) + 
2a(En(Yn(Z) + dalz, Y) + da(oY Z. (3.4) 
If S(¥ Z) is skew-symmetric then the L.H.S. of (3.4) vanishes, and we get 
SY Z) = 40 - DOMB + aD] - EMEND- 


A[da(o¥, Z) + da(oZ, Y). (3.5) 
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Moreover if SY, Z) is given by (3.5), then from (3.4), we get 
S(¥ Z+ S(Z Y) =0. 

1.€. Ricci tensor of Y is skew-symmetric. 

Hence, we can state the following theorem: 


Theorem (3.2). If an. LP-cosymplectic manifold admits a quarter-symmetric non-metric 
connection Ų then a necessary and sufficient condition for the Ricci tensor of VY to be skew- 
symmetric is that the Ricci tensor of the Levi-Civita connection V is given by (3.5) 


4, BIANCHI FIRST AND SECOND IDENTITITES ASSOCIATED WITH 
QUARTER-SYMMETRIC NON-METRIC CONNECTION Vv IN AN, 
LP-COSYMPLECTIC MANIFOLD. 


From (1.14), we have 
‘TX ED+C THZNH+TZX Y) =0, (4.1) 
where `T (X Y Z) = «T (X. Y), Z). | 
Again from (1.14), we have 
T(T(X% H), 2+ T(TY D,Y+ TPZ XY, VY 
= N(Y)a(oxXZ - n(Xa(GV)OZ + AXA YWZ - a(Ya(oXoZ + 
NDAD YX — n(Va(oZ)OX + a(Ya(oZ)oX — a(Za(@Y)ox + 
N(X)a(bZ)OY — (ZaloX)Y + a(Za(oXoY — Xa ZHY. (4.2) 
and (Vil XE 2+ (VyT XZ X) + (727 HK VY 
= da(X, Y)oZ + da(¥ Z)oX + da{Z XY l 
+ AZMOX - AYMZX - a(bX(NZ - a XaloVoZ + aX (ZY 
+ a{X)a(oZ)OY +.a(X)n(Z)¥ — (ZMAX - a(OY¥n(Z)oX — a(Ya(oZ)ox 
+ a(OYM(XZ + a(Ya(X)Z + AYMA — alXn(VY)Z - a(oZn (XY 
— A(Z) XHY + a(bZyn(Y)X + a(Z)a(oYyox. (4.3) 
Bianchi first identity for a linear connection on M” is given by (Sinha, 1982) 
R(X, Z+ RY DX + RZ MY = F(F(KN, D+ FFU DD 
+ T (TZ X,Y +(VyT XE D+ (Wy T XZ + (VT VX Y). (4.4) 
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Using (4.2) and (4.3) in (4.4), we get 


R(X VZ+ R(X, DX + RZ XY = dalX, YOZ + da(¥ ZX + da(Z, XY + 
a(Xyn(Z)¥ — a(Xm(V)Z + a YZ - a(¥yn(ZX + a(ZM(Y)X - a(ZMCYY. — (4.5) 


We call (4.5) as the first Bianchi’s identity with respect to quarter-symmetric non-metric 
connection Y in an LP-cosymplectic maifold. 


This identity is also obtained by another way given by (2.7). 
Bianchi’s second identity for a linear connection on M" is given by (Sinha, 1982) 


(Vy XY 2+ (Vy RXZ X) + (VzRIX N 
~R(T(X 1, 2- RITO D, X- R(T X, Y). (4.6) 
Using (1.14) in above expression, we get 
(VRE Z) + (Vy RXZ X + (Vz2RXX Y) -nR OY 2- ROZ Y) 
+ (DER (OZ, X- ROX D) + DLR OX, Y) - ROY XY] + aR (4Z Y) 


- ROY D] + aY[ ROX D- ROZ XY) + ADIR OY X- ROX VY). (4.7) 


we call (4.7) as second Bianchi’s identity with respect to quarter-symmetric non-metric 
connection Y in an LP-cosymplectic manifold. 


Hence, we can state the following theorem : 


Theorem (4.1). Bianchi’s first and second identities associated with quarter-symmetric non- 
metric connection Y in an LP-cosymplectic manifold is given by (4.5) and (4.7). 


5. EINSTEIN MANIFOLD WITH RESPECT TO QUARTER - SYMMETRIC NON- 
METRIC CONNECTION Vv IN AN LP-COSYMPLECTIC MANIFOLD 


A Riemannian manifold M’ is called an Einstein manifold with respect to Riemannian 
connection if 


S(X, Y) = = eX, Y). (5.1) 


Analogous to this definition, we define Einstein manifold with respect to quarter-symmetric 
non-metric connection V. 


S(X, Y) = E aX, Y). (5.2) 
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From (2.4), (2.5) and (5.2), we have 


SE D) - Eg D= 8K Y) - Fak Y) -a - Dac”) 


A—(n-1 
+ EMAN) + da(oY, X) - Pee De) ocx Y). (5.3) 
_ fA=@=DalE)] | 
If da(pY, X) — (n — JaA XM) + a(Eyn(X)n(Y) = n g r). (5.4) 
Then from (5.3), we get 
SÆD - Ex N= 5K 1 - Egg n). 5) 


Hence, we ca state the following theorem. 


Theorem (5.1). In an LP-cosymplectic manifold M” with quarter-symmetric non-metric 
connection if the relation (5.4) holds, then the manifold is an Einstein manifold for the 
Riemannian connection if and only if it is an Einstein manifold for the connection Ẹ. 


6. WEYL-CONFORMAL CURVATURE TENSOR OF A LP-COSYMPLECTIC 
MANIFOLD WITH RESPECT TO QUARTER - SYMMETRIC NON-METRIC 
CONNECTION 


Weyl-conformal curvature tensor of a Riemannian manifold with respect to Riemannia 
connection is given by 


CX EZ W)= RE EZ P- GrIMh D M) -SX Det, W) 


+ SIX, PZ, Z) - SE MEX, D+ goa y leh DX W) - g DE W) 
(6.1) 


Analogous to this definition, we define Weyl-conformal curvature tensor of M” with respect 
to quarter-symmetric non-metric connection Ų given by 


TK EZ M= RLY Z M- gg DK M- 5% DE W) 


+ 3% Mate D- 3% MK D+ Gory Ak DK W) 
- 8X DE W). (6.2) 
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_ Where CX EZ W) = (CX nz W, 
and (X Y ZW =eAC(X YZ, m). 
In consequence of (2.3), (2.4), (2.5), (6.1) and (6.2), we find 


‘CX YZ W=C(X ¥ ZW) + aA XMOMENT) - AIMAM) + aX) 


gE Z) - aYm(MatX Z) + dalX, DNZ M - Gray lan 


g(X, W) - EMDE W) + aEMAMPEE Z) - EMNE, Z) 
+ da(oZ, Y)g(X, W) — da(oZ, X)g(h W) + da(oW, XE Z) — dalh W, Y(X 2)] 


[A —(n— 1)a(&)] | 
tnay BE Dat M) -gX Dee m). (6.3) 


From (6.3), we have 

CX EZ P+ CXE | (6.4) 
and ‘CXL ZMH ACH ZAM+ CAXEW 

= da(X, Y)g(oZ, W) + da(¥, Z)g(oX, W) + da(Z, X)g(oY, W) + 

[da(oZ, Y) — da(o¥, Z)\g(X, W) + [da(ox, Z) - da(oZ, Xa W) + 

[da(o¥, X) — da(ox, Pisz m). (6.5) 
If the 1-form a is closed then from (6.5) it follows that 

“CK EN ZW+-°CHZXW+ CZXY, W)=0 (6.6) 
Hence, we can state the following theorem: 


Theorem (6.1). The Weyl-conformal curvature tensor of an LP-cosymplectic manifold with 
respect to quarter-symmetric non-metric connection is given by (6.3). It satisfies the relation 
(6.4) and (6.5). In particular, if the 1-form a is closed, then 


CHK YN ZW +CULZXYW+-°CEZX YW) =0. 


Let us assume that the curvature tensor of the quarter-symmetric non-metric connection 
V has the form 
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R(X, YZ = alXn(DY - a(Y MX + a(n - AYMAMZE + 
nD ZÉ - nD h ZG + AMOY - nME + da(X% YZ. 6.7) 
Then (2.3) becomes 


RA NZ = NX DE - neh DE + nny - nM. (6.8) 
Which gives 
SCY, 2) = g(¥ Z) - (n - 2m). l (6.9) 
and r = 2(n- 1). (6.10) 
Using (6.8), (6.9) and (6.10) in (6.1), we get 
C(X, YZ = 0. 


Hence, we can state the following theorem: 


Theorem (6.2). If an LP-cosymplectic manifold M” admits a quarter-symmetric non-metric 
connection whose curvature tensor is of the form (6.7), then Af’ is Weyl-conformally flat. 


7. SPECIAL CURVATURE TENSOR OF AN LP-COSYMPLECTIC MANIFOLD 
WITH RESPECT TO QUARTER-SYMMETRIC NON-METRIC CONNECTION 


Recently Singh and Khan in 1998 define a Special curvature tensor of the type (1.3) by the 
relation. 


AX YZ = RX, YZ + RX DY. . (7.1) 
It is obvious that 

MX, YZ = HX, DY. (7.2) 
and HX, YZ + HY, DX + HZ XY = 0 (7.3) 


Analogous to this definition, we define special curvature tensor of Af with respect to quarter- 
symmetric non-metirc connection V givne by 


J(% YZ= R(X DZ + R(X, DY. (7.4) 
Using (2.3), (7.1) and (7.2) in (7.4), we find 
J (X YZ = HX, YZ + aX (ZY - AYMA + a(XKn(Y)Z - AZM) 
X + 2alXM(Y MDE — a YMC MDE — a(Zm(XMMME + 
da(X, YypZ + da(X, ZY. (7.5) 


ON A QUARTER-SYMMETRIC NON-METRIC CONNECTION 49 


From (7.5), we have 


and 


JX NZ= JX, OY. | (7.6) 
J (X YZ+ JK DX + IZ NY = 0. (7.7) 


Hence, we can state the following theorem: 


Theorem (7.1). The special curvature tensor J of an LP-cosymplectic manifold with respect 
to quarter-symmetric non-metric connection satisfies the following relation 


10. 


F(X NZ= JX DY. (7.8) 
JX YZ + JÆ DX+ JZ MY = 0. (7.9) 
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ON FUZZY SOCLE OF MODULES 


KUkIL KALPA RAJKHOWA AND HELEN K. SAIKIA 


ABSTRACT : Our attempt is to investigate the fuzzy aspects of socle of modules over rings. In this 
paper we define fuzzy simple submodules and fuzzy socle of modules. Using the notions of fuzzy essential 
submodules and fuzzy relative complement various results related to fuzzy socles of modules are 
established. . 


Key words : Fuzzy submodule, fuzzy socle, fuzzy essential submodule. 


INTRODUCTION 


In 1965, Lotfi Zadeh introduced the concept of fuzzy set [12], and it was a new episode towards 
the development of science and engineering. In the trajectory of stupendous growth of fuzzy 
set theory, fuzzy algebra has become an tmportant area of research. In 1971, A. Rosenfeld 
used the concept of Zadeh in abstract algebra [8] and opened up a new insight in the field 
of Mathematical science. Since then many researchers are working on the concepts like fuzzy 
semigroups, fuzzy groups, fuzzy rings, fuzzy semirings, fuzzy near-rings and so on. W. Liu 
[3] initiated the study of fuzzy subrings and fuzzy ideals of rings around 1982. Fuzzy 
submodules of a module M over a ring R were first introduced by Negoita and Relesco [6], 
Pan [7] studied fuzzy finitely generated modules and quotient modules. Mukherjee et al [5], 
kumar et al [1,2] studied various aspects of fuzzy submodules. In [11] Sidky introduced the 
notion of radical of a fuzzy submodule and also defined primary fuzzy submodules and obtained 
some important properties. Our attempt is to investigate the fuzzy aspects of socle of a module. 
Using the concepts of fuzzy essentiality and relative complement defined by Saikia et al in 
[10], it is proved that if u is a fuzzy submodule of M such that u = Soc(u) then u has no 
proper fuzzy essential submodules. If u has no proper fuzzy essential submodules then L(y) 
is complemented and p = Soc(1). It is shown that if € is the intersecton of all fuzzy essential 
submodules of u, where jt is a fuzzy submodule of M then every non zero fuzzy submodule 
of € contains a simple fuzzy submodule of &. It leads us to the result that soc(u) = €. 


1. DEFINITIONS AND NOTATIONS 


Throughout this paper R denotes a commutative ring with unity and M denotes a module 
over R. 


52 KUKIL KALPA RAJKHOWA AND HELEN K. SAIKIA 


A fuzzy subset u of M is called a fuzzy submodule of M if the following conditions 
are satisfied: 


(i) BO - y) 2 uŒ) A BO), for all x, ye M 

(ii) wrx) 2 u(x), for all r e R, xe M. 

(iii) pO) = 1 

Let u, © be two fuzzy submodulules M. If o œ p then o is called a fuzzy submodule 
of u. 

The collection of all fuzzy submodules of M is denoted by L (M) and if u e L (M) then 
Lu) denotes the family of all submodules: of p. 


Let u be a fuzzy subset of a non empty set X. Then a fuzzy point x, x € X, te (0,1] 
is defined as the fuzzy subset x, of X such that x(x) = ¢, and x{y) = 0, for all y e X — {x}. 
We write x, €e p if if and only if x € u, 

Let u be a fuzzy subset of a non empty set X. Then support of u, denoted by u*, is 
defined as u* = {x e X : u(x) > 0}. If u e L(M) then u* is a submodule of M. 


A fuzzy submodule p of M is called a fuzzy essential submodule of M, denoted by u 
G, M if for evry nonzero fuzzy submodule 0 of M, u N 0 # Xo- 


Let u and o be two non zero fuzzy submodules of M such that u c o. Then p is called 
fuzzy exxential in ©, denoted by u c, ©. if for every non zero fuzzy submodule v of M satisfying 
VSO, HAVÆXo 

Let u be a fuzzy submodule of M. A relative complement for u in M is any fuzzy 
submodule o of M which is maximal with respect to the property U N © = Xp. 


Let u be a fuzzy submodule of a fuzzy submodule ð. A relative complement for \ in 
5 is which is maximal with respect to the property u4 N © = Xp. 

A fuzzy submodule 0 of M is said to be fuzzy simple submodule if 1 œ 0 where ų e 
L(M) implies either 4 = %ọ or u = 9. 


If u is a fuzzy submodule of M then socle of p, denoted by Soc(u), is defined as the 
sum of all simple fuzzy submodules of u. Thus Soc(p) = +0; , where ð, is a fuzzy simple 
submodule of p. If u has no fuzzy simple submodules theh Soc(|L) = Yp. 


if H e L(M) then L(y) = {9 Gp: 0e L(M)} is fuzzy complemented if for all 8 c 
H, O e L(M) there exists 0” e L(M) such that 0 ^ 0’ = y, and 6 + @ = un. 
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If u, 8 e L(M) then direct sum of u and 6, denoted by p ® O is defined as u @ 9 
= + @ provided y N 0 = Xp. If o, u, 8 e L(M) be such that o = u @ 9 then p is called 
a fuzzy direct summand of ©. 


2. PRELIMINARIES 
Now we present the preliminary results that are needed in the sequel. 


Lemma 2.1[11]: Let p be a fuzzy subset of M. Then the level subset p, = {x e M : U(x) 
2 t}, ¢ € Imp is a submodule of M if and only tf u is a fuzzy submodule of M. 


We state the following results which are proved in [10] 


Lemma 2.2: Let u be an essential fuzzy submodule of M. Then p, is an essential submodule 
of M, for some że Im 4. 


Lemma 2.3 : Every fuzzy submodule of M is an essential fuzzy submodule of itself. 
Lemma 2.4: Let |,, Ka Oj, 6, E L(M) be such that p, c , O, and i G , O. Then u NA 
HW, ©, 0, 0 Op. 

Lemma 2.5: Let p and o be two non zero fuzzy submodules of M such that p œ , o. Then 
for any 0 e LIM u AB S, on 8. 


Lemma 2.6: Let u, v and o be non zero fuzzy submodules of M such that U C v ¢ o. then 
woe ,o if and only fug, ya,O. 


Lemma 2.7: Let p, y e Z(M) such that 1 N Y = Xa. Then y can be enlarged to a relative 
complement for u. 


Lemma 2.8: Let y, 6, O e Z(M) such that o œ 8. Then 60 ^n (¥+o)=(@NY+6G 


Proof: Let u = 8 4 (y+ o). Then p* = (0 A (y + 6))* = 8* ^ (y* + 0%), by theorem 3.3.7 
in [4] Since o c 0, so o* œ 0*. Now by modular law 0* ^ (y* + o*) = (0* ^ ¥*) + OF. 
Thus u* = (8m ¥)* + o*. Also by theorem 3.3.7 in [4], we get ph = (8M y) + OG. Taus me 
result follows. 


3. MAIN RESULTS 
We now present our main results 
Theorem 3.1: If u = Soc(u) then p has no proper fuzzy essential submodules. 
Proof: Given u = Soc(H) = £0, 9, is a fuzzy simple submodule of u. Let œ be any fuzzy 


«a 
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| essential submodule of p. Then there exists a fuzzy submodule 6’, of p such that a N 8, = 
6’, and 0’, # Xp. 
Since 6’ (x) = (a M Ox) = a@)A Ox) S a(x), so 6’, œ a. Similarly 8’, & 8, 


Now 6, is a fuzzy simple submodule of u, so 0’, c 8, implies 0", = 0, Also ca 
implies that œ contains all fuzzy simple submodule of u. Thus Soc() c a. This gives 4 c 
œ. Thus u = œ. By lemma 2.3, u is an essential submodule of itself. Hence u has no proper 
fuzzy essential submodules. 


Theorem 3.2: If u e L(M) and € is the intersection of all fuzzy essential submodules of p 
ten soc(jt) ¢ 6. l 

Proof: Let o, 8 e L(M) be such that 6 is a fuzzy simple submodule of p and o œu. Then 
618 Z% Also o N 0 c 8 and 6 being a fuzzy simple submodule we have o ^ 6 = 8 
Now 8(x) = (0 A^ 8)(x) = o(x) A 8(x) < a(x). Thus 8 œ c. This implies that if 0 is a fuzzy 
simple submodule of u then 6 is contained in every fuzzy essential submodule of u. Hence 
soc() & §. 


Theorem 3.3: Let y e L(M) and € be the interesection of all fuzzy essential submodules of 
u. If every non-zero fuzzy submodule of & is a direct summand of Ẹ, then every nonzero fuzzy 
submodule of E contains a fuzzy simple submodule of u. 


Proof: Let 8 (+ Xo) € L(M) be such that 0 c €. We consider F = {u: u a 9, pe L(M}. 
By Zorn’s lemma there exists a maximal element o in F such that o c 6 and o g UM). By 
the given condition € = o ® o’, for some o’ e UM). 


Now89=O8@NE=O0N(6 ©) =6 @® (0 N 0), by lemma 2.8. If 0 ^ Oo is not 
a fuzy simple submodule then it contains a non zero fuzzy submodule v of M. So there exists 
v e L(M) such that FE=vOv.AloONDT =O@NGO)NE=A(ONONWOV)= 
v ® (0^ Av). This implies o 6 ON O)=S6OV BONO OV)=6 OV. Thus 
© Oo = v, which is a contradiction. Therefore @ ^ o’ is a fuzzy simple submodule. Thus 
the result follows. 


Theorem 3.4: If u e L(M) and € is the intersection of all fuzzy essential submodules of u 
then € & soc(p). 


Proof: Let 0 be a fuzzy submodule of 6. Then 8 is a fuzzy submodule of u. So there exists 
a fuzzy submodule © such that o is a relative complement of 9 in p. Let 6’ e L(M) be such 
that 6° N (0 @ ©) = Xo. Now 6 œ 0 ® o implies 8 N 0’ = x. Similarly 6 ^ 0 = Xp. If 
0 NA (o @ 6’) # Xo then there exists a non zero element x in M such that (0 N^ (o ® 8’))(x) 
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> t, where t e (0, 1)]. Thus 8(x) 2 ¢ and (o ® 0’)(x) 2 t. This implies there exists some 
unique, y, z in M such that x = y + z and o(y) A 0’(z) 2 t with o(y) > 0, 0’(z) > 0. Thus 
x =y +z with x € 0*, y e o*, z e 8’*. Also z is a nonzero element of M, for otherwise 
it will imply that x is the zero element of M. Now, z =x -y e 9’* N^ (o* @ 6*) = (0 
N (c © 6))*..This shows 0° ^ (o ® 0) # Xo a contradiction. Thus @ ^ (o ® 6°) = Xp. 
By maximality of ©, o ® 0’ = o. Now a(x) = (o ® Ox) 2 o (0) A O’(x) = O(x). Thus 
6’ œ o and hence x, = 8’ A o= 0. This proves 0 ® o œ, H. Thus € c 8 © o. This implies 
E = En ® o) = €@ (8 0), since 0 c € and 0 c E and 0 A (§ A ©) = Xp. Thus every 
fuzzy submodule of € is a direct summand. 

Let v be the sum of all fuzzy simple submodules of €. Then v is a direct summand 
of €. So there exists v’ œ L(M) such that € = v © v’. If v’ # X then there exists a fuzzy 
simple submodule y of v’. This gives y & v, a contradiction. Thus v’ = x. This implies € 
= v. Hence € © soc(}1). 

Using theorem 3.2, 3.3 and 3.4 we get the following 


Theorem 3.5: If u € Z(M) and € is the intersection of all fuzzy essential submodules of jt 
then soc(u) = €. 


Theorem 3.6: If = soc(u) then L(u) is fuzzy complemented and for any 6 e L(t), L(@) 
is fuzzy complemented. 


Proof: By theorem 3.1, u has no proper fuzzy essential submodules. Let 9 be any fuzzy 
submodule of u. If o is a relative complement for O in u then as in the above theorem we 
get o ® 8 c, H. But given that u has no proper fuzzy essential submodules, So © + 0 = u 
and © being a relative complement for 0 we get 6 N 0 = x. Hence L(11) is fuzzy complemented. 

Let o e LM) and o c 8. Then o œ u. As L(t) is fuzzy complemented, so there exists 
ye L(M) such that o + y = u and ON Y= Xo Now (ONYNG=ON(YND=O9N 
Xo = Xo Also by lemma 2.8, (8M y)+O0=8N (y+ 0) =8Op=O8. Hence there exists 
8M y (a 8) € L(M) such that (8 N Y) A © = Xg and (8M Y) + o = 8. Thus L9) is fuzzy 
complemented. 
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A GENERALIZATION OF EKELAND’S 
VARIATIONAL PRINCIPLE 


JESSY ANTONY 


ABSTRACT : Ekeland’s variational principle, and its equivalence theorem, Caristi’s fixed point theorem 
are well known results in non linear analysis and have extensive application in various fields in 
mathematics, such as in control theory global analysis, and geometric theory of Banach space. In this 
paper, we prove few existence results for a non Hausdorff space with weak completeness notion. As 
an application, the Ekeland’s Variational Principle is extended to a left (right) P-sequentially complete 
Ty quasi gauge space, which unifies many results. Illustrative and counter examples are also given. 


Key words : W-distance; Quasi-order «; Qusi-Gauge space; Lower semi continuous; Ekeland’s variational 
principle; The Caristi-Kirk-Browder fixed point theorem; Takahashi’s non-convex minimization theorem. 


Ekeland’s variational principle [4] and its equivalence theorem, Caristi’s fixed point theorem [2] 
are well known results in non linear analysis and have extensive applications, in various fields 
in mathematics, such as in control theory global analysis, and geometric theory of Banach space. 
Many extensions or equivalent formulations of the principle appear as seen in the reference. 


In this paper, the Ekeland’s Variational Principle is extended to a left (right) P-sequentially 
complete T, quasi gauge space. The extended form of the W-distance defined in [8] is used. 
Kada et al [8] improved Takahashi’s non-convex minimization theorem [15] replacing the 
involved metric by the W-distance function. Recently S Park & Kang [14] unified extensions 
in a general form. Along these lines S Park [13] unified the result of Blum & Oettli [1], Kadatal 
[8], Oettli and Thera [12]. In fact they obtained yet another extended form of the principle 
and improved the equivalent formulations of Ekeland’s variational principle with few appli- 
cations. The aim of this paper is to further generalize this result to a T, space with weak 
completeness notion. 


We need following definitions. 


QUASI-GAUGE SPACE 


A quasi-pseudo metric on a set X is a non-negative real valued function on X.x X such that 
for any x, y z € xX. f 


p(x, x) = 0 for all x € X and p(x, y) < p(x, z) + p(z, y) 
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A quasi-gauge structure for a topological space is a family P of quasi-pseudo metrics 
on X such that T has a sub-base the family {B(x, p, &): x € X, pe P, ¢ > 0} where BG, 
p, £) is the set {y e X: p(x, y) < £}. If a topological space {X, T) has a quasi-gauge structure 
P, then it is called a quasi-gauge space. Every topological space is a quasi-gauge space. The 
sequence {x,} in X is called left (right) P-Cauchy sequence if for each p in P and each € 
> 0 there is a point x in X and an integer k such that 


P(x, Xm) < e[p(x,, x) < £] for all m 2 k. (x and k may depend on € and p). 

A quasi-gauge space (X, P) is left (right) P-sequentially complete if every left (right) 
P-Cauchy sequence in X converges to some element of X. X is a 7, space iff 

p(x, y) = py x) = 0 for all p in P implies x = y.. 

X is a T, space iff p(x, y) = 0 for all p in P implies x = y. 
We extend the definition of W-distance defined on a metric space (X, d) [8] to a quasi-gauge 
space (X, P) as follows. 


Definition. A function œ : X x X — [0, æ) is called a W-distance on X if the following are 
satisfied; ) 


I. (x, z) < a(x, y) + oQ, z) for ay x y ze X 
2. (x): X — [0, æ) is lower semi continuous for any x € X; and 


3. for any £ > 0, there exists 6 > 0 such that œ(z, x) < and œ(z, y) < 5 imply 
P(x, y) <e for each p e P 


In [8], many examples and properties of W-distance were given 


Let X be a non-empty set and ‘<’ a quasi-order (pre order or pseudo-order, that is a 
reflexive and transitive relation) on X 


Let S(x) = {y e XW < y} for x e X and < be the usual order in the extended real 


number system [—», oo] 


In a quasi gauge space (X, P) with quasiorder ‘<’ a set S(u) for some u €e X is said 
to be x — (left (right) P P-, complete if every non decreasing sequence left (right) P-, P- 
(respectively) Cauchy sequence) in S(u) converges. 

Through out this paper, let ọ: X x X > (-cc, œ] be a function such that 

4. (x, z) < OG, y) + Oy z) foranyx yze X 
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5. (%,.) : X — (~, œ] is lower semi continuous for any x € X; and 
6. there exists an x, € X such that inh. yP(Xp, V) > —> 


Theorem 1. Let (X, P) be a quasi gauge 7, space. Let œ : X x X — [0, œ) be a W-distance 
on X and ọ : X x X > (—~, œ] a function satisfying condition (4) — (6). Define a quasi- 
order ‘<’ on X by x < y iff x = yor (x, y) + w(x, y) < 0 Suppose that there exist a u 
e X such that inf,. you y) > — and S(u) = {y € X/u < y} is left (right) < P-complete. 


Then the following equivalent statements hold 
(i) There exists a maximal point v e S(u) that ts 
V we X\{v}, pa w) + a0, w) > 0 


(ii) If T: S(u) > 2% satisfies the condition V x e S(u)\J(x) there exists y e X\{x} 
such that x < y then T has a fixed point v €e S(u); that is v e 7(y). 


(iii) A function f : S(u) > X satisfying x < f(x) for all x e S(u) has a fixed point. 
(iv) If T : S(u) -> 2*\{@} satisfies the condition 
Vx e S(u), Vy e T(x), x x y holds 
then T has a stationary point v e S(u) that is 7(v) = {v}. 
(v) A family F of functions f : S(u) -> X satisfying x < fx) for all x e S(u) has a 
common fixed point v € S(z) 


(vi) If Y is subset of X such that for each x e S(u)\Y there exists a z e S(x)\{x} then 
there exists ave S(u) N Y. 


(vii) If for each v e S(u) with inf. PCy, y) < 0 there exists a w e S(v)\{v} then there 
exists an xp, € S(u) such that inf < yp(%, y) < 0. Any of (i)}{vi) implies (vii) 
conversely (vii) implies any of (i) — (vi) whenever either (a) m(x, y) = 0 implies 
x=yor 


(b) o@% x) = 0 for all xe X 


Proof. By conditions (i) and (iv) ‘<’ is a quasi order. Now construct inductively a sequence 
of points v, €e S(u). To each v, we let 


Sa = {V E S(u)\w = va or Ov, v) + Op V) S 0} = SO) 
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And define the number 
Yn ETE infre nOr v) 


Since ¢(v„,.) and @(y,,.) are lower semi continuous, each S_ is a closed subset of the 


«<< - complete subset S(u). 


v, E€ S # Ø and that y, S 0, Let u = vp then, S(u) = Sp and by the hypothesis Y} > 
inf, yP(Vp, v) > —~ Let n 2 1 and assume that v, | with y,_, > —©¢ is already known — that 
is the result is true for n. Choose v, € S, such that 9(,_), Ya) S Yn- + 1/n 


Since v, € S, for any v e S Myn} we have 
Pp v) + O Yh S PO Yh + Opi Yn + OO, v) + Ov, v) 
S Pp v) + Op v) Ss 0 
And hence, v e S,_,; that is Sı > S, Therefore we obtain 
Yn = inf eS, PM» VY) 2 inf. 5,00, Y) — Pp Yn) 
> inf ye Ono V) Pn Yn) 
= Yp Z 91,1 ¥,) Z — Nn 
Therefore for v e S)\{v,}, we have 
atv, Y) S Pp Y) Sy, S ln 


Since @ is W-distance, for any € > 0 we can choose a sufficiently large n such that 
olv, v) S 1/n and ov, vt) < 1/n imply p(y, v!) <e V pe P forall y vie S, 


That is the diameters of the sets 5S, tend to zero. Moreover for all k 2 n we have v, 
e S, C S, and hence p(v,, v,) S 1n, p(v, vn) < 1/n. Thus the sequence {v,} is both left 
and right P-Cauchy sequence in < left (right) P-complete set S (u) and hence converges to 
some v* e S(u). Clearly we have v* e NS. Since dim S „—> 0 we have ()s, = {v*} being 

ried n=0 

X is a Tọ space. We claim v* is maximal; if not there exists w e X\{v*} such that 

o(v*, w) + ov, w) sO 

Since v* € S, V n and hence, 


Pp v*) + Yp v*) SO 
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Then 9(y,, w) + a(v,, w) < 0 by the triangular inequality. 

Therefore w e S, Vn. Hence w = v* which is a contradiction. Hence 

O(v*, w) + wiv", w) > 0 Yw e Xi{y}. 

(i) = (ii). Suppose v ¢ Nv). Then there exists a y e X\{v} such that 

fv, y) + w(y, y) < 0 which contradicts (i). 

(it) > (iii). By taking T = fas single valued map from S(u) to X then we get the following 
result (ili), A function f : S(u) —> X satisfying x < fx) Vx e S(u) has a fixed point. 


(iii) > (iv). Suppose T has no stationary point. That is 7(x)\{x} # Ø, Vx €e S(u). Choose 
a function fon {7(x)\{x}\x e S(u)}. Then f has no fixed point by its definition. However for 
any x € S(u) we have x # f(x) and there exists a 

y = fix) e T(x)\{x} such that x $< y = Rx). Therefore by (iii), f has a fixed point, a 
contradiction. 

(iv) => (v). Define a function T : S(u) —- 2* by Tx): = {AxM e F} for all x e S(u). 
Since x x f(x) for all x e S(u) and all fe F by (iv), T has a stationary point v e S(u), which 
is common fixed point of F. 


(v) => (i). Suppose that for any x e S(u), there exists a y e X\{x} such that x < y. 
Choose fx) to be one of such y Then f: S(u) — X has no fixed point by its definition. However 
x < fix) Vx e S(u). Let F = {f}. By (v) f has a fixed point, which is a contradiction. 

(i) => (vi). There exists a v e S(u) such that Vw # v, of w) + oy w) > 0 

Then by, hypothesis, we have v e Y. Therefore v = S(u) ^ Y. 

(vi) > (i) for all x e X let 

A(x) = {y e Xix + y, P(x, y) + ok, y) < 0) = SMa} 


Choose Y = {x e X\4 (x) = Ø}. If x æ Y, then there exists a z e A(x). Hence by 
(vi) there exists y e S(u) Nn Y. Hence A(v) = Ø, that is, ọ(y w) + @(v, w) > 0 Vo # v. Hence 
(i) hold. 


(i) = (vii). Suppose that for any x e S(u), we have infe y9(x, y) < 0. Then there exists 
z € S(x)\{x}; that is x < z. But by (i) there exists a maximal element v e S(u), that is v 
K w for all w e X\{v}, which is a contradiction. 
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(vii) => (i). Suppose that for each v e S(u), there exists a w € X\{v} such that 
oy, w) + ay w) S$ 0 or we SN}. 


Then by (vii) there exists an x) € S(u) such that inf, y P(X, Y) 2 0. For x9 = v and 


x, = w we have, 
Plg X,) + OX, x) S O or x, E So} 
Note that we should have inf, y (xp Y) = 0; otherwise we have a contradiction. 
0 < inf. xP(%p» yY) + O(%, x,) S 0. 


Since w(x), x,) 2 0 and (xp, x,) S 0, we should have 9(%, x1) = infe Wp y) = 0 


and hence W(x), x,) = 0 
(a) @(x», xı) = 0 = xg = x, then we have a contradiction 
(b) Similarly for x, = v e S(u) and x, = w we have 
M(x), X) + MX), %) S 0 or x, e Sæ x} 
Since x, € S(x)\{x} c S(x)), we have either 
Xo = Xy OF P(X, X2) + Wp, x2) S 0. 
‘If x, = x, then by assumption (b), we have Q(xp, x.) = 0 and D(X, x2) = 0. 


If Pg x.) + W(X, x2) S 0; infe yO(%, ¥) = 0 implies Qp, x5 = 0 and W(X, Xx) = 
0 as above. Now by condition (3) 


W(X, X41) = 0 = (xq, X) implies p(x), x.) = pP, x,) = 0 for ell p e P that is x, = 
x, since X is a T} space; which is a contradiction. 


The following result is a simplified form of theorem 1. 


Theorem 2. Let (X, P) be a left (right) P-sequentially complete quasi gauge T, space. Let 
0: X x X — [0, ©) be a W-distance on X and ọ: X x X — (—~, œ], a function satisfying 
condition (4) — (6) and x) € X satisfying 


infe yP y) > — æ, in condition (6). Define a quasi-order on X by 


x < yiffx= y or px y) + OG, y) <o 
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Then the following equivalent statements hold 
(i) There exists a maximal point v e S(x,)) that is v < w implies v = w 
~ Gi) WT: xX > 2 satisfies the condition 
| Vx e X\T (x) there exists y e X\{x} such that x < y 
then T has a fixed point. 
(iii) A function f : X — X satisfying x < f(x) for all x e X has a fixed point. 
(iv) If T: X  2\{O} satisfies the condition 
Vxe X, Vye x) xxyy 
then T has a stationary point. 


(v) A family F of functions f : X — X such that x < Ax) for all x e X has a common 
fixed point. 


(vi) If Y subset of X such that for each x e X\Y there exists a 
z € X\(x} such that x < z, then we have Sx) Nn Y + © 


(vii) If, for each v e X with inf. 9 y) < 0 there exists a w + y such that y $ w, 
then there exists an x) € X such that inf,. yỌ(¥o y) 2 0 


Proof. Since there exists an x, € X such that infe yP(%, y) > — by (6), put u = x, and 
Stu) = {y e Xu < y} = {y e Xy = u or o(u, y) + olu, y) < 0}. Since ọ(u,.) + w(u,.) is 
lower semi continuous by conditions (2) and (5), S(u) is a closed subset of the sequentially 
complete quasi gauge space (X, P). Therefore, S(u) is sequentially complete and hence < 
complete. Now from Theorem 1 we get the results. 


Note that the result follows if we replace the function œ by a family of W-distance {0} 
for the- corresponding family of quasi-pseudo metrics {p} with the quasi order relation ‘g’ 
on X by x x y iff x = y or 


p(x, y) + wp(x, y) < 0 for each p in P. 


For © = d and o(x, y) = F(y) — F(x) where F : X - (—>, œ] is a proper lower semi 
continuous function on the complete metric space X bounded from below. We obtain the results 
due to Ekeland [4], Phelps [17], Tuy [20], Penot [16], Caristi [2], Maschler and Peleg [10]. 
Kasahara [9], Takahashi [19], from Theorem 2. Further in the above mentioned papers, they 
applied the results to various problems. 
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By taking 0,(x, y) = eh—lp(x, y) and p(x, y) = F(y) — F(x) for every x, y € X, we deduce 
the well known central result to Ekeland [4] on the variational principle for approximate solution 
of minimization problems from the corresponding theorem 2 for P-sequentially complete 


Hausdorff gauge space as given in [7]. 


Theorem 3. (Ekeland [4]). Let (X, P) be a P-sequentially complete Hausdorff gauge pee 
and F : X — (ce, œ], a proper lower semi continuous function bounded from below: Let 

€ > 0 be given, and a point u € X such that F(u) < inf,F + £. Then for any. A > 0, there 
exists a point v € Bu, À) = {x e X\p(u, x) < A} such that, F(y) < F(u) and F(w) > FO) 

— ed|p(y, w) for any w e X w v, Vpe P. 


Proof. Let @,(x, y) = ed“!p(x, y) and pC, y) = FO) — F(x) for x, y e X (here we let ọ(x, 
y) = 0 if F(x) = FG) = œ). Then conditions (1) — (5) for a, and @ are clearly satisfied. From 
(6), let x9 = u, then inf. yp@, y) = inf, F — F(x) > — e > —c by hypothesis. By applying 
in theorem 2 (i) there exists a point v e S(u) such that ọ(vy, w) + o, w) > 0 for all w € 
X\{v}. It is enough to show that F(u) < F(u) and v e B(u, yv) since y e S(u), we have 
@(u, v) + o,(u, v) < 0. Since o, (u, v) 2 0 for all p in P, we should have ọ(u, v) = F(v) — 
F(u) < 0 or F(v) S F(u). Moreover ,(u, v) = eh 'p(u, v) < —ọ(u, v) = F(u) — F(v) < Fœ) 
— inf F < £ by hypothesis, and hence &À~'p(u, v) < e or plu, v) SÀ Y p e P. That is v € 
B, (u p) Yp € P. 


However the following example shows that the result does not follow for a left (right) 
P-sequentially complete quasi gauge T) space. 


Example 1. Let X = [0, 1] with the quasi pseudo metric defined by 
Oifx=y 
px, yy=xifx<y 
l Ifx> y 


Topology is generated by the sub basic family {{x} 49> [> 10 [0, 1]} is a Tọ space and 
every sequence converges to 0. X is P-sequentially complete y : X —> (—~, œ] defined by 


xifx SY, 
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y (x) = 

©  Ll-xifA<xS 1 then 
w(0) = y(1) = inf y(x) = 0 < inf w(x) + g; for any € > 0; u = 1 e X such that, 
w(1) < inf w(x) + £ then v = 0 e B (u, A) is the only point which satisfies 
w(v) < y(u) but w(v) < y(u) + ed7!p(y, w), w + v does not hold for w = u. 


In (3) Park obtained the above result for quasi metric space by putting ox y) = 
eà-lp(x, y) in the quasi metric space version of theorem 1. But it is interesting to note that 
co (x, y) may not satisfy the condition (iii), even for a quasi metric space. Following example 
illustrate this fact. 


Example 2. Let X = [0, 1] with the quasi metric defined by 


Oifx=y 
Ax yb=ylfx<y 
llfx>y 


Topology is generated by the sub basic family { {x}. 4 o [% &]}. X ts a left P-sequentially 
complete quasi metric space. 0, x, y) = eA7|p(x, y) does not satisfy the condition (iii) for any 
0 <e < 1, choose z = 0 and x, y such that x # y and 0 > a, (2, x) = ed |p(z, x) < 8; 0 < 
0,(2, y) = ei! p(z, y) < 5 then either p(x, y) = 1 or p(y, x) = 1 i.e. there exist no 6 > 0 such 
that whenever 0 ,(z, x) < ô; 0, y) < 8 implies p(x, y) < €. 


But the weak form of Ekeland’s variational principle in a quasi gauge setting is given 
in author’s thesis in chapter 2 theorem 4.6 and few applications and examples were also given. 


Theorem 4. Let (X, P) be a right P-sequentially complete quasi gauge space 7, and F : X 
—» (cc, co] a proper lower semi continuous function bounded from below: 


Then given any € > 0, there exists u, € X such that 
F(u,) S infyF + € and 

F(u,) < Flv) + ep(u, u,) for all u e X, with 

u + u, for each p e P(with p(u, u,) + 0). 
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As a simple application of theorem 2 (iii) we extend the fixed point theorem of Park 
[13] which is a generalization of theorem due to Downing and Kirk [3]. 


Theorem 5. Let (X, P,) and (Z, P,) be left (right) P-sequentially complete quasi gauge To 
space with W-distance. œ, and œ, respectively and f : X —> X a function. Suppose there exist 
a closed map g : X — Z and the function 

@ : g(X) x 2(X) > (~, œ] satisfying the condition (4) — (6) on g(X) such that 

P (tx), gf E) + max {0,0 AX), EE) gf O < 0 for xe X 

Then f hs a fixed point. 
Proof. Define a(x, y) = max{,(x, y), 0,(g(x), g(y)} for x, y e X is a W-distance on X and 


the function p’ defined on X x X by 9’(x, y) = (g(x), g(y)) for x, y e X and satisfies conditions 
(4) ~ (6). 


Hence for each x € X 
p(x, A + oO fx) s 0 or x g fx). 
Therefore f has a fixed point by Theorem 2(iii). 


By taking œ, and œ, as the distances on metric spaces X and Z respectively and 
p(x, y) = F) — F(x) where F : X — (—, œ] is a proper lower semi continuous function 
bounded from below. The above result reduces to the theorem due to Downing and Kirk [3]. 


Quasi-metric versions of Theorem 1 (i) and (iii) were due to Hicks [5]. Quasi-gauge 
version of Caristi’s theorem is given in Jessy Antony and P V Subramaniyam [6]. Further 
applications of Ekeland’s Variational principle and the extension to quasi-gauge space are given 
in author’s thesis [7]. For more new applications of Theorem 1 & 2 see [8, 9, 11, 12]. 
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NATURAL BOUNDARY CONDITIONS ASSOCIATED 
WITH THIRD ORDER LINEAR HOMOGENEOUS 
ORDINARY DIFFERENTIAL EQUATIONS 


JAYASRI SETT AND CHANDAN Das 


ABSTRACT : In the paper entitled “On the Boundary Conditions Associated with Second Order 
Linear Homogeneous Differential Equations” [1], J. Das has established the condition for which the 
second order linear homogeneous Ordinary Differential Equation (ODE) may possess a non-trivial 
boundary condition (BC) satisfied by all solutions of the differential equation. Such a BC has been named 
Natural Boundary Condition (NBC). In this paper we have established a necessary and sufficient condition 
for the existence of NBC of third order linear homogeneous Ordinary Differential Equation. The number 
of linearly independent NBCs in different cases have been established along with examples. 
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1. INTRODUCTION 


In the paper entitled “On the Boundary Conditions Associated with Second Order Linear 
Homogeneous Differential Equations” [1], J. Das has established the condition for which the 
second order linear homogeneous ordinary differential equation 
PAVA + POIO + p OA) = 0. (1.1) 
where Po, Pi» Pa are continuous complex functions and p,(f) + 0 for all z e [a, b] may 
possess a non-trivial boundary condition (BC) satisfied by all solutions of the differential 
equation. Such a BC has been named as Natural Boundary Condition (NBC). This idea of 
NBC has originated from the observation that all solutions of the differential equation yA 
+ y(t) = 0 satisfy the BCs (0) + p(x) = 0, xÐ (0) + y(r) = 0. The notion of NBC can 
be extended to differential equations of third order 


PDO) + POOO + PHYO] + pO) = 0 (1.2) 


where Pp, Pi» Pa» P3 are continuous complex functions and p,(f) + 0 for all t e [a, b]. 
§2 deals with some necessary preliminaries. In §3 we have established a necessary and sufficient 
condition for the existence of a NBC of the type 
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UD] = axla) + ay’ (a) + ay” (a) + Ob) + ayb) + ayb) = (1.3) 
associated with (1.2). 


The number of linearly independent NBCs associated with (1.2) in different cases has 
been established in §4. In §5 we have discussed some examples. The idea of compatibility 
fo BCs will be dealt in a later paper. 


2. NECESSARY PRELIMINARIES 


Let £, n, y : [a b] - © denote the linearly independent solutions of (1.2) which satsisfy 
the initial conditions: 


E(a) = 1 Ea) =0 Ea) = 0 (2.1) 
n(a) = 0 na) = 1 na) = 0 (2.2) 
w(a) = 0 wa) =0 ya) = 1 (2.3) 


As the coefficients Po Pi» Pa P3 in (1.2) are complex-valued, the solutions € 1, y are also 
complex-valued. 


Let, €(6) = 6, + ib, EDG = &, + i’, Eb) = EY, + ib”, (2.4) 
n(b) =n, + M, nO) =, +m, nb) =n", + in”, (2.5) 
w(b) = y + iy, wD) = wy tay, yo) = yw", + ay", . (2.6) 


where E, Ny Ye Ey Np Wp Ep 1» VW", (i = 1, 2) are real numbers. 

We further note that 
UalBl = O(A) + HEA) + ORANA) + aBC) + EOD + gk 
= a, + alé, + iE) + sl’, + By] + ole”, + 18) 


= (0, + O48, + O56’, + a% + a,b + a6’, + aE”) (2.7) 
Similarly, 

UM] = (a, + ayn, + aN + asn”) + ON, + an + a”) (2.8) 

Ualy] = (0, + ay, + ay’, + ay) + Ny + aw’, + aya) (2.9) 


as Qi, Oa, Oh, Oy, Os, Qg are real numbers. 


NATURAL BOUNDARY CONDITIONS ASSOCIATED WITH THIRD ORDER 71 


3. THE MAIN THEOREM 
Theorem : The DE (1.2) possesses a NBC iff | 
52 62 6&2 


A=|N2 n 12|=0 (3.1) 
Wo Wo We 


Proof. Let the DE (1.2) possess a NBC, U,[y] = 0 for some 
a = (Cj, O,, OQ, Q,, Qs, OX) $ (0, 0, 0, 0, 0, 0). 
Then U,[Ẹ] = Uin] = Valy) = 0 (3.2) 


From (2.7) — (2.9) these imply that the following algebraic equations in œ have a non- 
trivial solution 


a, + af, + 0,6), + a6", =0- (3.3) 
a,€, + a6’, + a6”, = 0 . (3.4) 
a + ON, + an’, + aN”, = 0 (3.5) 
ON, + AN’, + aN”, = 0 (3.6) 
OG, + O,Y, + ay, + ay”, =0 (3.7) 
OY, + ay, + ay", = 0 (3.8) 


We note from (3.3), (3.5) and (3.7) that (0,4, Œs, œ) = (0, 0, 0) imply (a,, a, a) = (0, 0, 
0). But œ is non-trivial. Hence we must have (Q4, Œs, œs) # (0, 0, 0). 


This means 


b 52 67 j 
A=|n, n nl=0 from (3.4), (3.6) and (3.8). 


W2 Wo y? 
Conversely, if A = 0, we have from (3.4), (3.6) and (3.8) at least one solution (%4, G,, 


a.) # (0, 0, 0). This (0,4, Œs, &,) will determine (,, &,, &,) from (3.3), (3.5) and (3.7). In 
other-words there is at least one NBC with respect to the DE (1.2). 
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4. THE NUMBER OF LINEARLY INDEPENDENT NBCS IN DIFFERENT CASES 


To find the number of linearly independent NBC asociated with (1.2) we deal with the following 
cases 


Case (i). Let A = 0 but at least one minor of A, say E” n’, — E'm” # 0. Here rank of matrix 
of A is 2. Hence the set of unknowns (0.,, Œs, Œs) form a linear space of dimension one. Hence 
there is one NBC as calculated below. 


From (3.4) and (3.6), solving for a, and o.,, we have 


a4 (67n < 13E2) 
Os = A : 
5 Enz- 038%) G1) 


_ 24 (E572 — 6213) 


"e = Ean — n5E)) aa 
Substituting (4.1) and (4.2) in (3.3), (3.5) and (3.3), we have 

anaa EL ERE | as 

amao SER ERE En) as 


Substituting (4.1) — (4.5) in U, [y] = 0 we have the required NBC 
{516% m2 -Ema + EEN — n5) -EM — Ema)” 34) | 

+ HEM - Em) + Em = n) — Gang — éan Mm” YO 

+ Hn Em — on”) + yE, - 28) — Eng - Emay (a) 

+ Gyn”, — nE" (6) + (Bang — n") - Gyn. — nE) YR) = 0 (4.6) 


If other minors of A are not zero, then equivalent forms of NBCs are similarly obtained. 
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Case (ii). A = 0, all minors are zero but the individual elements of A are not all zero. 


In this case matrix of A is of rank 1. Hence the set of unknows (0,, Œs, Œ) form a 
linear space of dimension two. We take (Œs, Œœ) as (1, 0) and (0, 1) respectively. 


Suppose €, # 0 in A, and (a, Œ) = (1, 0) 


From (3.4), %4 = -2 





Substituting (a@,, Œs, O,.) = (- ‘i 10] in (3.3), (3.5), (3.7) we have 


— $251 — S162 


ey 


jsi 5271 — So 
2 


ae S21 — Soi 
2 


Putting the values of 0, O, Q4, O4, Œs, Qg in U,[y] = 0 we have the required NBC as 
Ebi — EEDA + Grom, = Gn’ Aa + Gry, — GW) (a) 
- EB) + EOB) = 0 | (4.6) 
Again taking (a, Œ) = (0, 1) we similarly get the other linearly independent NBC as 
EE — Ewa) + Eryn, = En” MA) -= Ey, - BW" py?) @ 
= 6% yb) + Ey O) = 0 (4.7) 
If other elements of A are not zero, then equivalent forms of NBC are similarly obtained. 


Case (iii) A = 0, all elements of A are zero. 


In this case matrix A has rank 0. Hence the set of unknowns (04, Œs, %) form a linear 
space of dimension three. 


Taking (0,4, Œs, Œs) = (1, 0, 0) we obtain from (3.3), (3.5) and (3.7) 
Q =), & =n, and a, = —y, respectively. 
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Hence the required NBC is 
a) — na) — yya) + yb) = 0 (4.8) 


Similarly taking (44, Œs, Œs) = (0, 1, 0) and (a,, Œs, @,) = (0, 0, 1) we obtain the two 
other linearly independent NBC as 


# xa) — 1 YQ) - wv’ ya) + xO = 0 | (4.9) 
and +” la) — n” y® (a) - yw" ya) + yO) = 0 (4.10) 
5. EXAMPLES 
(i) Example of Case (1) : Consider the DE . 
YO) — 3i yA - 2A) = 0, t e [0, z] (5.1) 


Linearly independent solutions of (5.1) satisfying the initial conditions (2.1) — (2.3) are 


Ej) = 1, n(t) = 5 (3+ —4e"), y(t) = (i +e?" - 2e") 





Here, §; = 1, & = 0 1, =9, nN, =4 Y = -2, wy, = 6 

E, = 0, §, =0 ni = -3, 1’, = 0 v, =O, Ww, =- 

6”, = 9, 6%) = 0 n=O =4 Wy, =3,y%,= 
Here A = 0, but the minors A, fi Mil =-8 +0 and A, = [e 2. 8 #0 

N2 Wo Nz We ; 
From (3.6) and (3.8) we get a, = a, and a, = 0 
From (3.3), (3.5) and (3.7), we get @, = —Q,, œ, = 0 and a, = -a, 
Hence the required NBC is (0) + ¥20) - y(n) - m = 0 (5.2) 
(ii) Example of Case (ii): Consider the DE 
YA) — YOA) = 0, t € [0, x] (5.3) 


Linearly independent solutions of (5.3) are 


6M =1,nO=4 wv) = 1+ it - e! 


NATURAL BOUNDARY CONDITIONS ASSOCIATED WITH THIRD ORDER 


Here, & = 1, 6 = 0 1, =% nN, = 0 WW, =2,W,=5 
G, = 0, &, = 0 1, = 1, n, = 0 Ww, =0, Ww, =2 
", = 0, &, = 0 n“ = 0, n% =0 Ww, =-L Ww, = 0 


Here A = 0, all minors are zero, but y, = 7, WY, = 2 
Taking (a, Œœ) = (1, 0) we get from (3.8), ma, + 2a, = 0 


Hence, a, = —2/n 


Substituting (0.4, as, 0) = (-2..10) in (3.3), (3.5), and (3.7), we have 


a =, a, = l and a3 = 4 
Hence the required NBC is 2y(0) + my) (0) + 4y® (0) — 2W(x) + ny® (n) = 0 
Again putting (Œs, Œ) = (0, 1) in (3.8) we get a, = 0. 
Putting (04, Œs, Œœ) = (0, 0, 1) in (3.3), (3.5) and (3.7) we get 
a, =0,a,=0,0,=1 
Hence the required NBC is y@ (0) + yr) = 0 
(iii) Example of Case (iii) : Consider the DE 
Ya + yD (A) = 0, te [0, z] 
Linearly independent solutions of (5.6) satisfying the initial conditions are 


E(f) = 1, NÀ = sin t, y(A = 1 — cost 


Here, §, = & = 0 n = 90, n, =0 y = 2, y, = 0 
o, = 0, g, = 0 ni = -l 1’, = 0 y, =0, y, =0 
6”, = 0, 6, = 0 n” = 0, 1”, = 0 y“ = -l yw’, = 0 


Hence, the required linearly independent NBCs are (from 4.8, 4.9, 4.10). 
y(0) + 22X0) — W(x) = 0 
yO) + yD) = 0 
(0) + yr) = 0 


75 


(5.4) 


(5.5) 


(5.6) 


(5.7) 
(5.8) 
(5.9) 
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SOME COMMON UNIQUE FIXED POINT THEOREMS 
FOR RANDOM OPERATORS IN HILBERT SPACE 


NEERAJ MALVIYA AND PANKAJ KUMAR JHADE 


ABSTRACT : We construct a sequence of measurable functions and consider its convergence to the 
unique common random fixed point of a pair of non-commuting continuous random operators defined 
on a non empty closed subset of a separable Hilbert space. 


Key words : Separable Hilbert space, random operators, common random fixed point. 
Mathematics Subject classification: 47H10, 54H25. 


1. INTRODUCTION 


In recent years, the study of random fixed points have attracted much attention, some of the 
recent literatures in random fixed points may be noted in [1, 5]. In the present paper, we work 
out two common random fixed point theorems for pair of non-commuting continuous random 
operators defined on a non empty closed subset of a separable Hilbert space. For the purpose 
of obtaining the random fixed point of pair of random operators, we have used two inequalities 
[from 3 and 4] and the parallelogram law. 


Throughout this paper, (Q, E) denotes a measurable space consisting of a set Q and 
sigma algebra £ of subsets of Q, H stands for a separable Hilbert space and C is a nonempty 
closed subset of H. 


2. PRELIMINARIES 


Definition 2.1: A function f : Q —> C is said to be measurable if f1(B ^ C) e = for every 
Borel subset B of H. 


Definition 2.2: A function F : Q x C - C is said to be a random operator if F(..x):Q— 
C is measurable for every x e C. 


Definition 2.3: A measurable function g : Q — C is said to be a random fixed point of the 
random operator F : Q x C > C, if F(t, 2(f)) = g( for all te Q. 


Definition 2.4: A random operator F : Q x C — C is said to be continuous if for fixed 
te Q, F(t.) C > C is continuous. 
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Condition (A): Two non-commuting mappings S, T: C => C where C is an non empty subset 
of a Hilbert space H, is said to satisfy condition (A) if 


|STx — TSP < ale ~ STx|? + aly — TSÈ + ayle — TÊ + ally - STxIP 
+ agx — yi (2.1) 

for all x, y in C and aj, a», a3, a4, a; being positive real numbers such that 
(a, + 2a, + 4a, + as) < 1 and (a, + a, + as) <1 (2.2) 


Condition (B): Two non-commuting mappings $, T : C => C where C is a non empty subset 
of a Hilbert space H, is said to satisfy condition (B) if 


\|STx — TYP < a max{|jx — STx|P, |ly — TSY, le — TSP, lly — STAP, lx- yl} (2.3) 
for all x, y in Cand 0 <a < + (2.4) 


3. MAIN RESULTS 


Theorem 3.1 Let C be a nonempty closed subset of a separable Hilbert space H. Let $ and 
T be two continuous non commuting random operators defined on C such that for t € Q, S(£.), 
T(t.) : C > C satisfy condition (A). Then ST and TS have a common unique random fixed 
point in C. 


Proof. Let g} : Q — C be an arbitrary measurable function and choose a function g) : Q 
—> C such that g,(4) = STE, g,(4) for each t e Q. Again, we choose a function g, : Q — 
C such that g,(t) = TS(f, g,()) for each ¢ e Q. Similarly, proceeding in the same way, we 
get a sequence of functions g, : Q —> C such that for n 2 0 and for any t € Q, 


Ean = STE 82,), Ean + 2) = TSH Bon + 1) (3.1) 


If g, = Son41 = 82,42(4) for t E Q and for some n then we see that g,,(4) is a random 
fixed point of ST and TS; therefore we suppose that no two consecutive terms of sequence 
{g,()} for t e Q, are equal. 


Now consider fort € Q 
Santi) = Samo? = ISTH 83) — TSG Sone ODP 
< allg) — STU, ga + alean O — TS SoD? 
+ agllgr, (8) — TSE, Bar (ONË + Qlons 1 — STE Bap + aller, (0) — Soe (OP (by 2.1) 
= Aller — Srl? + alEO — Sorel? + algan - Ean IP 
+ algan O — Son Ol? + algan O - oO? 
<s allg, 8) z Zon C) + allg = Zap DIP + 2a,|\2,,(0) — Son + il? 
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+ 2allgo1() —- Eam DP + asllg,,(t) - Sone OIF 
[by parallelogram law |x + yl? < 2P + 2y] 
=> (l - a -— 2a lgan D = Zam DIP sS (a, T 2a, + as)ga) = Son Ol? 


l 
= Mam (Ò ~ Samah $ EEE E tg) ~ Born Ò 


1 
=> Baa O ~ Samal S k lg) — age (Ol Where k= atara < 1 (by 2.2) 


(1 ~ az — 2a3) 
In general 
Ign) = Sri Oll S Hlp- O — 8,0 
= lg.) — Enr Oll S$ Mille - sO (3.2) 


Now we shall prove that for ¢ e Q, {g,()} is a Cauchy sequence. 


For this for every positive integer p we have, 


IS.) ~ Enp Ol gO — Se + SiO — E Sprp iO Enep Ol 
S [18,00 — Sp Oll + WSO Z Emal + + MSprp1O ~ EnO 
S (K t RON + ee? te RP Yet) — gA (by 3.2) 


= MIL + k + P+. + POlg (0) - gO 


n 
< 7 leo - gl for all te Q 


as n — œ, |g, (1) — g, +p Ðl — 0, it follows that for £ e Q, {g (ġ} is a Cauchy sequence 
and hence is convergent in Hilbert space H. 


For fe Q, let {g ()} > g(t) as n > æ, (3.3) 
Since C is closed, g is a function from C to C. 
Existence of random fixed point: 
Consider 
Is — TSE KDP = Ie) — EmO + So — TSE, gO 
S Ile) - Son Ol? + 2llgoi — TS aI? 
[by parallelogram law |x + yl? < 2il? + lly] 
= 21g) - Soni OP + USTE, g2,(9) - TS O 
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< lg) - Bam ODP + 2ayllea,( — STH, BD + 2aylle( — TSC, gO 
+ 2aylg,,() — TSE KO + Zale) — STE BaP + 2aglg>,(0 — gOIP (by 2.1) 
= lel) - Bar DP + 2ayllerq(6) — Ban (DÈ + Zale - TS gO 
+ 2a llg (D — TS ZOP + 2ayllg(t) — Soni Ol? + asliga — gD? 
As {g>,.,(} and {g,,(f)} are subsequences of {g,()} for te Q, 
as n > œ, {g,.,()} > g(t) and {gD} > g(t) for all te R 
SIKO - TSE KOP < Qa, + 2a) - TS, KO 
= (1 - 2a, — 2ap)lg() - TSE, gÈ < 0 
= |le() - TS «AP = 0 (by 2.2 (2a, + 2a) < 1) 


=> IS 2(D) = g(, for all te Q (3.4) 
In an exactly similar way we can prove that for all £e Q, 
ST, gd) = g - G5) 


Again, if A : Q x C — C is a continuous random operator on a non-empty subset C 
of a separable Hilbert space H, then for any measurable function f : Q — C, the function 


h(t) = A(t, fd) is also measurable [2]. 


It follows from the construction of {g,(f)} (by 3.1) and the above consideration that 
{g,()} is a sequence of measurable functions. From (3.3) it follows that g(#) for ¢ e Q, is 
also a measurable function. This fact along with (3.4 & 3.5) shows that £ : Q — C is a common 
random fixed point of ST & TS. 


Uniqueness— 
Let h : Q — C be another random fixed point common to ST & T5, that is, 
forte Q, 
STE, A) = kA) 
IS(t, KO) = AC) 
Then for fe Q 
Ils - KOP = ISTE, a) — TSE KOP 
< alig(t) — STE, KMP + allA(t) — TS, KOP 
+ alig) — TSE, KAP + al) — STE, gO)? + asligi — ACIP 
= ala) = OP + ana) — MOI? + asle) - AIP 
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+ a,ll F gÀ + as|lg(t) = KO 
` => (1 -a - a, — asig - AIP < 0 
= lle - KOP = 0 [by (2.2) 
= gA = A(t). for allte Q 
This completes the proof of the theorem 3.1 


Theorem 3.2 Let C be a nonempty closed subset of a separable Hilbert space H. Let S and 
T be two continuous non commuting random operators defined on C such that for te Q, S(z,.), 
T(t.) : C — C satisfy condition (B). Then ST and TS have a common unique random fixed 
point in C. 


Proof. Let g : Q —> C be an arbitrary measurable function and choose a function g, : Q 
—> C such that g,(4) = STE gi) for each t € Q. Again, we choose a function g, : Q — 
C such that g,(f) = 7S(t, g,(2)) for each t e Q. Similarly, proceeding in the same way, we 
get a sequence of functions g, : Q > C 


such that for n 2 0 and for any tł € Q, 
Soni) = STE, Ban) Eom = TSG Boys) (3.6) 


If g5,(t) = Soni) = Za) for t E Q and for some n then we see that g,„(£) is a random 
fixed point of ST and TS therefore we suppose that no two consecutive terms of sequence 
{g,(O} for t e Q, are equal (3.7). 


Now consider for te Q 
(Some) — Eam AP = ISTE 2,09) - TSE ga O 
< a max{|lg O — STE BaP, Mam — TSE ar OP, 
gan) — TSE Eor (D lam O — ST gD Man -Laa O (by 2.3) 
@ max {lgan O ~ Eam OP: MaD — Bam OP, IanO - Sarl? 
leam O — Bam OP lpn ~ Ear O 
x max{llgo,() — Eam OP, Iai — Eam AP, ller(O - Eaa A 


I] 


Case I 
arti) — Ez OP S alle,( — Soi OF 
=> [eon — Eam Ol S Olle, - Eana A 
In general 
lg. — pl S Mg, 1 - gO where k= a < 4 (by 2.4) 
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= [2,00 — Sri Oll S Mile) — gO (3.8) 
Case Il 

lam — Eam OP S$ Oller - amO 

= (1 = OllZ — onl? < 0 

= [Boni — amO = 0 (as a <q by24) 

= Som) = Zoma(À) in general g,(t) = Sy4(0 

Which is contradiction so by remark (3.7) g,,,,(0) is fixed point of ST and TS. 
Case Ill ; 
lEn ~ Sonal? S Oller, - Eam OF 
=> Eam À — Eam OP S$ Zalga — Sone? + aleam O — Bar O 

[by parallelogram law ||x + yl? < 2\[x|? + 2l] 

=> (1 = 20gm — Eam S 20g (4) - Eam OF 


20 


meere mne rE 


> [125,410 —- Zap (Al S (1 — 2c) Igo, - Zop (DI 
In general 
I 
= 18D = BC $ Hey 1 = BON where k = | PP <1 y24) 


= |g.) - Em Ol S lO — 2, Cll (3.9) 


We can prove that, {g,(7)} is a Cauchy sequence (using 3.8 and 3.9) and hence is convergent . 
in Hilbert space H. (as proved in theorem 3.1) 


For fe Q, let {2,()} > g(t) as n > ~, (3.10) 
Since C is closed, g is a function from C to C. 
Existence of random fixed point: 
Consider 
le -= TS, SOP = MEO = Soni + Soe — TS ZO 
S 2g) — Son Ol? + 2llgr41(9 - TS AE 
f [by parallelogram law |x + y|? < 2Ibx|? + 2lpif] 
= Yl) - Bam (DP + ASTE, gD) — TSE OP 
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S HIH) = Em Ol? + 20. maxf{iig,,(é) - ST EaD Ils - TG OP, 


lg — TS ON, lg — STH gP Igo, - KOAP (by 2.3) 
= let) — gam Àl + 20 max{llg(0 — SOP, ig - TS ONP, 
FIRU) ~ IS, g(r. lle) - Zone Ol, 22,0 g(t)||*} (by 2.3) 


As {g>,,,;()} and {g,,(} are subsequences of {g,()} for te Q, 

as n > ©, {8 i()} > EÀ, {8,(0} > g(t) for se Q, 
Therefore 

IIg@ — TS gO) s 2alle) — TS, F 

= (1 ~ 2apllg) - TSE, g < 0 

=> lð ~ TS(t, OË = 0 (as a < 4 by 2.3) 


=> TS, g(t) = gd for allte Q (3.11) 
In an exactly similar way we can prove that for all fe Q, 
STU g{t)) = gt) (3.12) 


Again, if 4 : Q x C > C is a continuous random operator on a non-empty subset C 
of a separable Hilbert space H, then for any measurable function f : Q — C, the function 
h(t) = A(t, KO) is also measurable [2]. 


It follows from the construction of {g (ġ} (by 3.6) and the above consideration that 
{g,(#)} is a sequence of measurable functions. From (3.10) it follows that g(#) for t e Q, is 
also a measurable function. This fact along with (3.11 & 3.12) shows that g : Q > Cisa 
common random fixed point of ST & TS. 


Uniqueness: 
Let h : Q — C be another random fixed point common to ST & TS, that is, 
forte Q, 
ST, AA) = RA) 
TSH, kA) = hA 
Then for te Q 
lg @ - AOP = ISTE, A) - TSE KONP 
< œ max{(e) — ST gO, WA) — TSE, WOB, lle) - TSC, WOP, 
A) — STE, SCIP, lg’ — AIP} (by 2.3) 
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= a max{lle() — gP, IAO — KOR, lle - AOIP, IAO - OP le - OR 
= (1 — olg) - KO < 0 


= [lg - WOP = 0 , [as a < $ by (2.4) 
> «ð= K) foralte Q 
This completes the proof of the theorem 3.2. 
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ON GENERALIZED KOTHE-TOEPLITZ DUALS 


HEMEN DUTTA 


ABSTRACT : In this article we introduce the notion of ®©% - dual, where È an Orlicz function in 
order to generalize the notion of K&the-Toeplitz dual. We prove that ®® - dual of a sequence space 
is a BK-space under a suitable norm. Further we introduce the notion of ®* - perfect and investigate 
certain conditions under which two Orlicz functions are equivalent. 


Key words : Sequence space; Orlicz function; Kéthe-Toeplitz dual; BK space. 
AMS Classification No.: 40A05, 40C05, 46A45. 


1. INTRODUCTION 
w denotes the space of all scalar sequences and any subspace of w is called a sequence space. 


An Orlicz function is a function M : [0, co) — [0, œ), which is continuous, non-decreasing 
and convex with M(0) = 0, M(x) > 0, for x > 0 and M(x) —> œ, as x ~ œ, 


Two Orlicz functions M, and M, are said to be equivalent if there are positive constants 
a, B and x, such that 


M,(ax) S M,(x) S M,(Bx) for all x with 0 < x <S Xp. 


Lindenstrauss and Tzafriri [5] used the Orlica function and introduced the sequence space 
lų as follows: 


ly = {0 ew 5 m| 2l) < oo, for some p > | 
k=l 


They proved that /,, is a Banach space normed by 


Kx.) = int > 0 M(E « i} 


Lemma 1. Let M, and M, be two Orlicz functions. Then M, and M, are equivalent if and 
only if ly, =l. 
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The notion of duals of sequence spaces was introduced by Kéthe and Toeplitz [4]. Later 
on it was studied by Kizmaz [2], Bektaş, Et and Çolak [1] and many others. 


Let E and F be two sequence spaces. Then the F dual of E is defined as 
EF = {(x,) © w : (xy,) e F for all (p) € E}. 


For F = l, the dual is termed as KSthe Toeplitz or a-dual of € and denoted by &*. 
E is said to be a-perfect if E% = E, where E™ = (£%)*, 


. Let E be a linear subspace of w. Then we define the following sequence space for an 
Orlicz function ®: 


Eo = = (a,): zef eal < œ, for some p > 0 and for every (x,) € z| 
k=l 


When (x) = x for all x in [0, œ), then EZ = E”, K6the-Toeplitz dual of E. In this 
connection we call the sequence space Eg as ®% -~ dual of E. 


We shall write f= g for non-negative function fand g whenever C,/s g < C,f for some 
C > 0,; = 1, 2. 
I 


2. MAIN RESULTS 
Theorem 2.1. Eg is a linear space. 


Proof. Let (a,) and (b,) be any two elements in Ej. Then there exist some p}, p, > 0 such 
that 


5 @ [arxa] <œ and Le Iba el bexa] <œ for every (x_) in E. 
k=l Pi P2 


Let a, B be any scalars and let p, = max(2|alp,, 2|Blp.). Then we have 


5 | Oa, + i )x,| < Sofe, Peel 
k=l P3 


P3 





< œ, for every (x,) in E. 


Hence Eg is a linear space. 


Cad 
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Theorem 2.2. E% is a normed linear space under the norm He defined by 


lalo = ntlo > 0: Sof etal) < L! (2.1) 


Proof. It is obvious that if a = 6, then |a| = 0. Conversely assume that |a= 0. Then using 
(2.1), we have 


nlp >o lal) <1} =0 
k=l p 
This implies that for a given € > 0, there exists some p,(0 < p, < £) such that 


Ş al <] 


k=l Pe 


It follows that 


a,x | 
ofle) < 1 for every k < | 
£ 


We may choose (x,) in E so that 


a 
of el < 1 for every k 2 1 
g 


and so afl) S of 1l) < 1 for every k 2 1. 
€ 


This implies that a, = 0 for all k > 1. Suppose if possible for some n, a, iS non zero, 


a 
then for this particular k, we have ofl — œ as £ — 0, a contradiction. Thus a = 6. 


Let (a,) and (b,) be any two elements in Eg. Then there exist some p,, p, > 0 such 
that 


` 
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Considering p = p, + 9,, we have 


Pi + P2 Jk= Pi 


(at) Gata 
Pi +P2 Pı + P2 


Now 


a ; sees (a, + by )x,| 
la + bll = ot > Po era <1 


k=l 





Safle + “el < ( PI }Eo{ el 
p k=l 


J 


À 
3 ofe) <: and x Pa a for every (x,) in E. 
l 


P2 


Pi + Po 


Jia 


< nf > 0: Safe" Kl < Fine, > o Saf el)s 1! 


Pi 
= lalo + Blo- 


Thus Ja + ofS, < fale, + fl. 


Lastly, let A be any scalar. Then 


Pali = int o> o Sof Pe bees) | 


= ian) e Sel). tee n= 8 


Thus Jalg = lafe 


This completes the proof. 


P2 


|b, x; | 


P2 


} 
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Theorem 2.3. EG is a Banach space under the norm ||| defined by (2.1). 


Proof. Let (a') be any Cauchy sequence in Eg. Let x, > 0 be fixed and ¢ > 0 be such that 


for 0 <e < 1, Pes > 0, and xf 2 1. Then there exists a positive integer ng such that 
0 


Qa 
tad E. EN 
la a i for all i, j 2 ng 


Using (2.1); we have 





(a ~ ay, \xr 


g oo 
'~a/l = infio>0: 5 Ü a Fae 
[2 ri ls P È, =i Xot Oraii J E 


This implies that 


= | ak -at ee o 
Oe <1 for all i j 2 no 
“ball 
It follows that 
(a — aj }xp 
z S1 for all i, j 2 mp and for all & 2 1. 
e-e 


Since Æ is a subspace of w, we may take (x,) = {1, 1, 1, ...}. Hence we have 


aj, — aj | 


ai 


p <1 for all i j 2 my and for all k 2 1 
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For ¢t > 0 with of 50 o) a1, we have 


la = af 


k-k 


Since ® is non-decreasing, we have 


< o( 32) for all i, j 2 my and for all k 2 1 


la -a| < Š la -af <, reas) for all i, j 2 nọ and for all k 2 i 


Thus (a; ) is a Cauchy sequence in C for all k > 1 and so it is convergent in C for 


al k 2 l. 


Let lima, = a, for all k 2 1. 
Joo 


For i, j 2 nọ we have 


ais (ak - a x 
inf; p > 0: $, —— ~ |S I} <e 
k=l p 


Since ® is continuous we have 


(at - a; Jex 
p 


infi p > 0: 5. @ $1><e, fori 2 ny and as j > œ 
k=l 
It follows that (a’- a) e Eg. Since (a) e EG and EG is linear a = (a,)€ EQ. Hence 


every Cauchy sequence in Ea converges to an element of Eg. Thus Eg is Banach space. 


Remark. From the above proof we observe that #5 is always a Banach space whether E 


is a Banach space or not. 
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From the above proof we can easily conclude that la’ = al — 0 implies la; E ap 


— 0 as i —> œ., Hence we have the following Theorem. 


Theorem 2.4. E% is a BK space under the norm |||, defined by (2.1). 


lo 
Theorem 2.5. (i) ® c EG 

(ii) If E c F, then F$ c EF 

(iit) E c DS, where D = Eg. 


Proof. Proof is easy and so omitted. 


In view of the above Theorem we give the following definition: 


‘A sequence space E is said to be a Ọ%-perfect if D = E, where D = Eg’. 


M(t M(t 
Theorem 2.6. Let M be a sequence of Orlicz functions. If lim MY) > 0 and lim = < 00 


then Eğ = E*. 

Proof. If the given conditions are satisfied, we have M(t) = t. Hence the proof follows. 
Theorem 2.7. Let M and N be two equivalent Orlicz functions . Then E% = EÑ. 
Proof. Proof is obvious and so omitted. 


Taking ®(x) = x in the definition of Eg, we can compute Kéthe-Toeplitz dual of 


E. 


(See [3]). Our next aim is to obtain ®%-duals for those ®’s, which satisfies the additional 


property D(x, y) = O(x).®(y), for every x, y in [0, œ)... (2.2) 
Theorem 2.8. Let M be any Orlicz function. Then 


(i) ule = lg; 
(il) ole = le 


(ill) 1, is D%-perfect. 
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lp we have 


Proof. (i) Let a e lẹ. Then 5 Al) <a tor some p > 0. Now for any x € 
k=] 


ml < for some p; > 0 and so(x,) e Z. Hence sup (ixl) < 


Now we have 





Hence a € [Zu]. 


g = la,x;,| 
Conversely suppose that a € [/,,|,,., then > er < œo for some p > 0 and every 


x € ly. Suppose if possible a ¢ lẹ. Then there exists a strictly increasing sequence (,) of 
positive integers n, with n, < n, <..., such that 


J of El < Ci), for every p > 0. 


k=n, +1 


Define x e ly by 
x= 0, I1SkSx4, 
= sgn afin, <k Sn, 


Then we have 


BAe = EG) poo 


- 2 of fe alo (dta E 


SME 


Joe) + 


ü = 


sc 
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= 3 {Elon £ oi) 


> (1) +... + OC) +... = œ 
This contradicts to a € [ Mlo: Hence a € ly. This completes the proof of (i). 


(ii) Proof follows from part () by taking ® instead of M. 

(iii) Proof follows from part (ii). 
Theorem 2.9. For any Orlicz function M, lą is ®“-perfect if and only if M and © are equivalent. 
Proof. First assume /,, is ®*-perfect. Then by Theorem 2.8(ii), Ly = lẹ and so M and ® are 
equivalent. 


Conversely assume M and ® are equivalent. Then /,, = lẹ and so J,, is ®%-perfect by 
Theorem 2.8. 


Theorem 2.10. Let M and N be two Orlicz functions which satisfy the additional condition 
(2.2). Then M and N are equivalent if and only if lọ is N“-perfect or ly is M*-perfect. 
Proof. Proof follows from Theorem 2.9. 

Our next Theorem is guided by the fact that every Orlicz sequence space has a subspace 
isomorphic to P(1 < p < œ). 
Theorem 2.11. (1) Every Orlicz sequence space has a subspace which is [1P |* -perfect, where 
ls p<., 

(ii) Every Orlicz sequence space has a subspace U such that I?(1 < p < œ) is U"-perfect. 


- Proof. Proof follows from Theorem 2.10. 
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ABSTRACT : We derive a minimal point theorem, for a subset A in a cone in product space under 
a weak assumpton concerning the boundedness of the considered set A. Using the result we improve 
the vectorial variant of Ekeland’s variational principle. We prove the result for a Product space X x 
Y, where X is a Tọ quasi-gauge topological space, generated by a family of quasi-pseudo metrics and 
Y is a separated, locally convex space. 
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1. INTRODUCTION 


Phelps observed that Ekeland’s variational principle (EVP) ts equivalent to the existence of 
a minimal point of the epigraph of the corresponding function with respect to an appropriate 
order. Several authors such as Nemeth, Isac and Dentcheva and Helbig have generalized the 
EVP for vector-valued functions. Nemeth obtained a vectorial Ekeland’s variational principal 
using cone-valued metrics. Gopfert and Tamer [12], [13], established several product spaces 
and the corresponding variants of the vectorial Ekeland’s variational principle. 


In this extension, we derive a minimal point theorem, for a subset A in a cone in a product 
space under a weak assumption concerning the boundedness of the considered set A. Using 
the result we improve the vectorial variant of Ekeland’s variational principle. 


We prove the result for a Product space X x Y, where X is a T, quasi-gauge topological 
space, generated by a family of quasi-pseudo metrics and Y is a separated, locally convex space. 


2. QUASI-GAUGE SPACE 


a quasi-pseudo metric on a set X is a non-negative real valued function on X x X such that 
for any x, y ze X. 


p(x, x) = 0 for all x e X and p(x, y) < (p(x, z) + p(z, y) 


A quasi-gauge structure for a topological space is a family P of quasi-pseudo metrics 
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on X such that T has a sub-base, the family {B(x, p, €&ẹ):x e X pe P,e > 0} where 
B(x, p, £) is the set {y e X ; p(x, y) < £}. If a topological space (X, T) has a quasi-gauge 
structure P, then it is called a quasi-gauge space. Every topological space is a quasi-gauge 
space. The sequence {x,} in X is called left (right) P-Cauchy sequence, if for each p in P, 
and each £ > 0, there is a point x in X and an integer & such that 


p(x, Xp) < E [PE x) < £] for all m 2 k. (x and k may depend on £ and p). 


A quasi-gauge space (X, P) is left (right) P-sequentially complete, if every left (right) 
P-Cauchy sequence in X converges to some element of XY. X is a Tọ space iff 


p(x, y) = p(y x) = 0 for all p in P implies x = y. 
X is a T, space iff p(x, y) = 0 for all p in P implies x = y. 


3. EKELAND’S VARIATIONAL PRINCIPLE 


Let X be a complete metric space. Let ô > 0 and u e X be given such that ọ : X¥ > RU 
{+ œ} is a lower semi continuous function and bounded below. 


Let £ > 0 and u, € X be given such that 

> (u,) < inf, + e/2 and then given À > 0 there exists u, € X such that 
(um) S OCU); dw, uy) SÀ 

b(u,) < d(u) + EÀ d(u,, u) for all u # u. 


(X, P) is a seq. complete quasi-gauge space, Y is a separated, locally convex space. Y* 
is its topological dual. K c Y is a convex cone. ie. K + Kc K and [0, ~) KCK 


K* = {y* e F*\ (y y*) 2 0 Vy © K} is the dual cone of K and 
K* = {yt e P ty y*) > 0 Vy © K\{0}} 
In this we suppose that K is pointed ic. K ^ (-K) = {0} 


_ The cone K determines an order relation on Y, denoted in the sequel by ‘Sp : so for 
Yp V2 € Y, Yı Sp Yp if y, — yı € K. It is reflexive, transitive and anti symmetric. Let 9 e 
K\{0}. Using 4? we introduce an order relation on ¥ x Y denoted by =, 


(x1, y1) <} (X5, yz) if y, + Re Ax, = x) Sya Vee P 
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Then ‘s,°’ is reflexive, transitive and anti symmetric. That is our notation are as in those 
of [9]. 


For the derivation of the minimal point theorem, we make use of larger cone B c Y 
(to define a suitable functional z, : Y —> R) including the ordering cone K c Y; K\{0} c int 
B. also we will replace the usual boundedness condtion of the projection Py A of A onto Y 
by a weaker one. Moreover, we replace the complete metric space X by a sequentially complete 
Tọ or T, space. 


Theorem 1. Assume that there exists a proper convex cone B c Y such that K\{0} c int B. 
Suppose that the set A c X x Y satisfies the conditions 


(H,) for every <,° - decreasing sequence ((x,, y,)) c A with x, > xe X 

There exists y e Y such that (x, y) €e A and (x, y) £’ (x,, Y„) for every n e N and 
that P4) ^O Ø — int B) = Ø for some ý e Y. Then for every (xp, Yọ) €'4, there exists 
(x, y) € A, minimal with respect to <,? such that (x7, y~) <}? (Xo Yo). 
Proof. Let 

zp: Y > R, z(y) = inf{t e Riy e tkl-clB} 

By lemma 7 of (Nemeth A.B:), ‘zę’ is a continuous sub linear function such that 

Zo(y + tk?) = z(y) + t for all t e R and y e Y, and for every Xe R. 

{ye Y: zay) SA} = AM -clB 

{y e Y: 2p(y) < A} = Ak — intB 


Moreover if y, — y, € K\{0}, then z,(y,) < zp(y,). Observe that for (x, y) € A, we have 
that Z,(y — ý) 2 0. Otherwise for some (x, y) € A, we have z,(y — ý) < 0. It follows that 
there exists 1 > 0 such that y — ý € —Ak? — cl B. Hence 


ye ý -— (Ak? + cl B) c ý — (intB + cl B) c ý- int B 


which is a contradiction. Since 0 < z,(y — ý) S Z,(y) + z0). It follows that z, is "bounded 
from below on PA). Let us construct a sequence ((x,, Y,)), >o C 4 as follows: having 
(Ep ¥,) E A choose (45, Vary) € Anti Very) S0(%,» Ya) such that 


230,41) S inf{z,() \ Œœ y) € A and (x, y) $,0@,, y,)} + In + 1 
Of course the sequence ((x,, y,)) is s,° - decreasing. It follows that 


mip + OC nig Xn) Sm Vm GEN 
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Za ntp as KPE np x,)) = Z3V n+p) + P(Xp iy Xp) s zp(y,,) 

OX nt» X,) S 2,0,,) - Zap) < in Yn peN VWpe P 

It follows that (x,) is a left P Cauchy sequence in the sequentially complete To quasi- 
gauge space (X, P), and so {x,} is convergent to some x € X. By condition H,, there exists 
y € Y such that (x, y) e A and (x, y) S}? (x, y,) for every n e N. 

Let us now show that (x, y) is the desired element , 


Indeed (x, y) $,9(xq, Yo). Suppose (x!, y!) € A is such that (x', y! <, (x, y) (Se Ya) 
for every n e N) Thus z,(y') + p(x!, x) S z0), hence 

p(x!, x) < z0) - Zg!) S Za,) Z0!) S/n Vn 2 1. 

It follows that p(x!, x) = zB) - z,0') = 0 Woe P 

Hence x! = x. Since X is a T, space [the result holds for T} space, if we define the 
order relation in such a way that ((x,, y,) S (x. y2) if yı + max (p(x, x3), P(t x1)) Sx 
yz] 

As y! Sg y — if y! # y y — y! e K0}. Hence z,(y!) < zg(y) which is a contradiction. 
Hence (x!, y!) = (x, y`). The result is for a — To quasi-gauge space X, with the ordering on 
X x Y by (x, yi) S (Xo, Y2) if y, + max (p(x), x), PO, X1) Sp Y2 and T, sequentially 
complete quasi-gauge space with the ordering defined by (x,, y,) S}? (%, Y2) if y, + Pp, 
X3) S p 

The above result for products space, where is a complete metric space is given in [4]. 
Note that the condition on K is stronger here - in comparison with (theorem 4). (Since, in 
this case K* + Ø) while the condition on 4 is weaker. (A may not be contained in the half 


space), Further when K and &° are as in theorem `1, corollaries 2 and 3 from [5, 9] may be 
imporoved. 


_ In the following corollary, we derive a variational principle of Ekeland’s type for objective 
functions which takes vsalues in a general space ¥ Y* = Y U {o}, with œ ¢ Y. We consider 
y Soo for every y € Y. We consider also a function f : X —> Y and dom f= {x € X, fx) 
# 00) 

Corollary 2. Let f : X — Y*, Assume that there exists a proper convex cone B c Y such 
that, K\{0) c int B and fx) ^ (y — B) = 6 for some y e Y Also suppose that, 


H,{x' e Xft) + p(x!, x) < Rx)} is closed for every x e X or 
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H, for every sequence (x,) c domf with x, > x and (Ax,) < , decreasing f(x) Sg Rx,) 
for every n € N and this is closed in the direction of k°, then for every x} € domf there 
exists x” e X such that 


Ax) + Pp, Xo) Sg Rao) 

and Vx e X, Ax) + Pox, x) SOOS xs 

We say K is closed in the direciton k° if K ^ (y — R,k°) is closed for every y e K. 
The proof of corollary 2 is similar to those of corollary 2 & 3 of (9). 


ACKNOWLEDGEMENTS 


This work was supported by Department of Science and Technology, India project no: SRF/ 
FTP/MA-0 1/2002 


REFERENCES 


l. J.M. Borwein: Continuity and differentiablity properties of convex operators. Proc. London 
Math. Soc. 44(1982), 420-444. 


2. J. Caristi: Fixed point theorems for mappings satisfying inwardness conditions, Trans. Amer. 
Math, Soc. 215 (1976) 241-251. 


3. I. Ekeland: On the variational Principle J. Math. Anal. Appl. 47 (1974) 324-357. 


4. A. Gopfert, Chr. Tanner and C. Zalinesen: A new minimal point theorem in pdt spaces. J. 
Anal and its applications. Vol; 18 (1999) No. 3 767-770. 


5. A. Gopfert, Chr. Tamer, C. Zalinescu : On the vectorial Ekeland’s variational principle and 
minimal points in product spaces. Non linear analysis 39 (2000), 909-2002. 


6. A. Gopfert and Chr. Tamer: A new maximal point theorem. Z Anal. Anw. 14 (1995), 379- 
390. 


7. X. X Huang : A new variant of Ekeland’s variational principle for set valued maps. Optimization 
2003 Vol 52 No. 1 53-63. 


8. G Isac : The Ekeland’s principle and the Pareto efficiency, In : Multi-objective Programming 
and Goal Programming. Theory and Aplications (ed. M. Tamiz; Lect. Notes, Econ. Math. syst.: 
Vol. 432). Berlin : Springer — Verlag 1996, pp. 148-163. 


9. Jessy antony : On the vectorial Ekeland’s variational principal and minimal points in a quasi 
gauge space. J. of combinatorics, mformation and system sciences. Vol. 33 No. 3-4 (2008), 
177-785. 


100 JESSY ANTONY 


10. P.O. Khanh : On Caristi-Kirk’s theorem and Ekeland’s variational principle for Pareto extrema, 
Preprint. Warsaw: Polish Acad. Sci., Inst. Math Preprint 357 (1986), 1-7. 


11. A. B. Nemeth: A nonconvex vector minimization problem. Nonlin. Anal.: Theory, Methods 
and Appl. 10 (1986), 669-678. 


12. R.R. Phelps : Convex functions, Monotone Operators and Differentiability, 2nd Ed. Lect. Notes 
Math. 1364 (1993). 


13. I L Reilly. Quasi-gauge spaces, J. London Mth. Soc, 6, (1973), 481-487. 


Department of Mathematics & Statistics 
University of Kashmir 

Jammu & Kashmir 

India 

Email: jessyantony3@hotmail.com 


JOURNAL OF PURE MATHEMATICS 


DEPARTMENT OF PURE MATHEMATICS, UNIVERSITY OF CALCUTTA 


INSTRUCTIONS 





QO Manuscript (3 copies) submitted must have its title written on top followed by the 
name(s) of the author(s) in the next line, both in Roman Bold Capitals like 


RINGS OF CONTINUOUS FUNCTIONS 
L. GILLMAN AND M. JERISON 


Q This should be followed by a short abstract, not exceeding three hundred words, 
and then, by the latest AMS subject classification. 


O Usage of footnotes should be avoided. 


In the main body of the manuscript references should be denoted by numbers 
enclosed within third brackets. 


Q The section headings should be in bold capitals and be centred, as below 


6. THE MAIN THEOREM 


Q Theorem, lemma, corollary, proof etc. should be shown as Theorem, Lemma, 
Corollary, Procf etc. 


Q References should be listed at the end in alphabetical order of the surnames of the 
authors as follows. 


REFERENCES 


1. N. L. Alling, Foundations of Analysis on Surreal Number prelas 
North-Holland Publishing Co., 1987. 


2. E. Hewitt, Rings of continuous functions I, Trans. Amer. Math. 
Soc. 64(1948), 54-99. 


Q Address(es) of the author(s) should be given at the end. 


J OURNAL OF PURE MATHEMATICS | 
UNIVERSITY OF CALCUTTA 


VOLUME 25, 2008 


ma Pages 
Zbigniew Duszynski 
On Properties of Some Weak Forms of the Closure N 1-20 
Bichitra Kalita, Bhupen Datta Sarma 


Non-Planar Graphs From VEP Graphs Class-1 21-28 


Tazid Ali And Sampa Das 
Somewhat Continuous Functions on Fuzzified Topological Space. : 29-38 


Amit Přakash, Dhruwa Narain and B. Prasad 
On a Quarter-symmetric, Non-metric Connection in a'Lorentzian 


- Para-cosymplectic Manifold 39-50 
Kukil Kalpa Rajkhowa and Helen K. Saikia | 
-On Fuzzy Socle of Modules i a 51-56 
lasy Antony , | P 
A Generalization of Ekeland’s Variational Principle os 57-68 


Jayasri Sett and: Chandar Das ~ si i _ NN 
‘Natural Boundary: Conditions Associated with Third Order oem 1, we 
Homogeneous Ordinary Differential Equations ; Po 69-76 


Neeraj Malviya and Pankaj Kumar Jhade z a a + 
Some Common Unique Fixed Point Theorems for oS 





Random Operators in Hilbert Space 77-84 

Hemen. Dutta - ee 

On Generalized K6the-Toeplitz Duals a 85-94 
- Jessy Antony _ ss 

A Minimal Point Theorem in Product Spaces te 95-100 


Price : 50/- a 


Published by the Registrar, University of Calcutta & Printed by Sri Pradip Kamer Ghosh, 
Superintendent, Caicutta University Press, 48, Hazra Road, Kolkata —700 019. 


- =e eee , 


